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Abstract

In this article, we provide a survey of several paraconsistent logics (PL) and
some of the philosophical issues they raise. We focus especially on the various
kinds of applications that these logics have had. In particular, we consider C-
logics, including their semantic properties, and the theory of descriptions asso-
ciated with them. We present various kinds of paraconsistent set theories, and
discuss how they can be used to develop paraconsistent mathematical theories, in-
cluding theories about Russell sets, Russell relations, and paraconsistent Boolean
algebras. We then examine discussive logic and its application to the foundation
of physical theories and to the formal representation of partial truth. We then go
on to consider dferent axiomatizations of annotated logics and their use in fuzzy
set theory. Finally, after discussing additional developments in PL, we conclude
the article by examining ffierent applications of PL in technology, informatics,
foundations of physics, morality, and law.

Key words: paraconsistent logic, paraconsistency, contradiction, law of non-
contradiction, ex falso quodlibet, explosion, C-logics, Jaskowski’s logic, discus-
sive logic, annotated logic, set theory, Russell set, paraconsistent set theory, fuzzy
set theory, C-systems, partial truth, da Costa, Priest, Batens.
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1 Introduction

“l predict a time when there will be mathematical investigations
of calculi containing contradictions, and people will actually be
proud of having emancipated themselves from contradictions.”

L. Wittgenstein

“As a lightning clears the air of unpalatable vapors, so an incisive
paradox frees the human intelligence from the lethargic influence
of latent and unsuspected assumptions. Paradox is the slayer of
Prejudice.”

J. J. Sylvester

I N A FEW WORDS, paraconsistent logics (PL) are the logics of inconsistent but non-
trivial theories. A deductive theory is paraconsistent if its underlying logic is paracon-
sistent. A theory is inconsistent if there is a formula (a grammatically well-formed
expression of its language) such that the formula and its negation are both theorems of
the theory; otherwise, the theory is called consistent. A theory is trivial if all formulas
of its language are theorems. Roughly speaking, in a trivial theory ‘everything’ (ex-
pressed in its language) can be proved. If the underlying logic of a theory is classical
logic, or even any of the standard logical systems like intuitionistic logic, inconsistency
entails triviality, and conversely. So, how can we speak of inconsistent but non-trivial
theories? Of course, by changing the underlying logic to one which admits inconsis-
tency without making the system trivial. Paraconsistent logics do just this job.

Our use of terms like ‘consistency’, ‘inconsistency’, ‘contradictory’ and similar
ones is syntactical, which is in accordance with the original metamathematical termi-
nology of Hilbert and his school. In order to treat such terms from a semantic point of
view, in the field of paraconsistency, one must be able to build, first, a paraconsistent
set theory. This is possible, as we will see, although most semantics for paraconsistent
logics are classical, i.e., constructed inside classical set theories. So, to begin with, it
is best to employ the above terms syntactically.

1.1 The origins

The origins of paraconsistent logics go back to the first systematic studies dealing with
the possibility of rejecting or restricting the law (or principle) of non-contradiction,
which (in one of its possible formulations) says that a formula and its negation cannot
both be true. The law of non-contradiction is one of the basic laws of traditional, or
classical (Aristotelian), logic. This principle is important. After all, since inconsistency
entails triviality, an inconsistent set of premises yields any well-formed statement as a
consequence. The result is that the set of consequences of an inconsistent theory, or set
of premises, will explode into triviality and the theory is rendered useless.
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Another way of expressing this fact is by saying that under classical logic the clo-
sure of any inconsistent set of sentences includes every sentence. It is this which lies
behind Popper’'s famous statement that the acceptance of inconsistenayduld
mean the complete breakdown of science” and that an inconsistent system is ultimately
uninformative?

Inconsistencies appear in various levels of discussion of science and philosophy.
For instance, Peirce’s world of ‘signs’ (in which we inhabit) is an inconsistent and
incomplete world. Bohr's theory of the atom is one of the well-known examples in
science of an inconsistent theory. The old quantum theory of black-body radiation,
Newtonian cosmology, the (early) theory of infinitesimals in the calculus, the Birac
function, Stokes’ analysis of pendulum motion, Michelson'’s ‘single-ray’ analysis of the
Michelson-Morley interferometer arrangement, among others, can also be considered
as cases of inconsistencies in science. Given cases such as these, it seems clear that we
should not eliminate a priori inconsistent theories, but rather investigate them. In this
context, paraconsistent logics acquire a fundamental role within science itself as well
as in its philosophy. As we will see below, due to the wide range of applications which
nowadays have been found for these logics, they have an important role in applied
science as well.

The forerunners of paraconsistent logics are Jean tukasiewicz and Nicolai I. Vasi-
liev. Independently of each other, both suggested in 1910 and 1911 that ‘non-Aristotelian’
logics could be obtained by rejecting the law of non-contradictiéthough t.ukasi-
ewicz did not construct any system of paraconsistent logic, his ideas on the principle
of non-contradiction in Aristotle influenced his student Skasvski in the construc-
tion of 'discussive’ (or ‘discursive’) logic in 1948. (We will comment orsBawski's
systems below.) In 1911, 1912 and 1913, inspired by the works of Lobachewski on
non-Euclidean geometry, initially called ‘imaginary geometry’, Vasiliev envisaged an
imaginary logic a non-Aristotelian logic where the principle of non-contradiction was
not valid in general. According to Arruda, Vasiliev did not believe that there exist con-
tradictions in the real world, but only in a possible world created by the human mind.
Thus, he hypothesized imaginary worlds where the Aristotelian principles were not
valid, even though Vasiliev did not develop his ideas in full.

The very first logician to construct a formal system of paraconsistent logic was
Stanislaw Jgkowski in 1948. His motivations came from his interests in systematiz-
ing theories that contain contradictions, such as dialectics, as well as to study theories
where contradictions are caused by vagueness. He was also interested in the study of
empirical theories whose postulates include contradictory assumptions (see section 4).
Despite the wide range of possible application§kdavski’'s discussive logic was re-
stricted to the propositional level. In 1958, the first author of this paper, independently
of Jaskowski, began the general study of contradictory systiifls Ever since, da
Costa has developed several systems related to paraconsistency (for instance, ‘para-
classical logic’ — see section 7.3), showing how to deal with inconsistencies from dif-

1For further details and references, §84d, Chap. 5.

2For further historical details on PL, sg&5], [16], [17], [46], [107], [124], [217, [142, [109.

3Arruda systematized some points on Vasiliev’s imaginary logic, giving rise to three systems of paracon-
sistent logicd[14]. Nowadays, the logical works of Vasiliev have been studied in Russia, specially by V. A.
Bazhanov.
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ferent perspectives. He apparently became the first logician to develop strong logical
systems involving contradictions which could be useful for substantive parts of math-
ematics as well as the empirical and human sciences. It should be remarked that the
adjective 'paraconsistent’ (which means something like ‘at the side of consistency’)
was suggested by F. MirQuesada, in 1976, in a letter to da Costa.

Already in the sixties, the interest in logics dealing with inconsistencies began in
other parts of the world as well, particularly in Poland, Australia, United States, Italy,
Argentina, Belgium, Ecuador, and Peru, mainly for its relations to da Costa’s logics
and to relevant and dialectical logic. Of course, in this paper, we cannot refer to all of
these tendencies nor do justice to all the authors involved. For the historical details, we
recommend the reading of the papers mentioned above.

At least two facts have contributed to emphasize the relevance of these develop-
ments. The first is that in 1990Jathematical Reviewadded a new entry, 03B53,
called ‘Paraconsistent Logic’. From 2000 on, the title was changed to ‘Logics admit-
ting inconsistency (paraconsistent logics, discussive logics, etc.)’, thus encompassing
a wider subject. The second fact is that since 1996, several World Congresses on Para-
consistency have been organiZetilowadays ’paraconsistency’ can be regarded as a
field of knowledge. But perhaps the most surprising fact concerning paraconsistent
logic is related to its applications. As we will note later, there have been applications
not only to the foundations of science and its philosophical analysis, but even to tech-
nology. Here we do not have space to present all the details, but the references list the
original sources.

1.2 On the nature of logic

If one wishes to understand the meaning and nature of logic, it is important to take into
account that logic today is a field of knowledge of the same nature as mathematics. The
results achieved in logic can be compared to those of mathematics and the empirical
sciences in their depth and originality (let us just menti@dé'’s theorems, the results

in recursion theory and in the theory of models). And similarly to mathematics, we can
divide logic into two domains: pure logic and applied logic. ‘Pure’ logic, similarly to
pure mathematics, can be developed in prindipkbstractq independently of possible
applications. In particular, we can study paraconsistent logic or intuitionistic logic by
themselves, basically with the aim of exploring their abstract mathematical properties.
From this point of view, in developing a logical system, the logician can proceed as
Hilbert suggested, when he said that “[tjhe mathematician will have to take account
not only of those theories that come near to reality, but also, as in geometry, of all
logically possible theoriesf147]. To sum up, from the pure viewpoint, logic studies
certain abstract structures, such as formal languages, models, and Turing machines,
independently of their applications.

Following Hilbert’s suggestion, we can develop abstract (pure) systems where some
principle of classical logic is violated, for instance, the principle that entails that from
contradictory premises any formula can be derived; in symhols,—a + 8. (The
corresponding lawa(A —a) — 3, is Duns Scotus Law, valid not only in classical logic,

4Seenww. cle.unicamp.br/wcp3 for the page of the third congress.
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but in almost all known logical systems, including intuitionistic logicThis is the
way taken by Vasiliev in the construction of his imaginary logics.

But to develop a logic we can also proceed from #pplied point of view. In
this case, we look at some domain of knowledge where it seems that some logic (in
particular, a paraconsistent one) could be used to describe certain abstract structures
that reflect the way certain deductive inferences are made in that domain. One of the
best known examples is provided by Birkhand von Neumann’s approach to quantum
logic, when they insisted that quantum mechanics would demand a logic distinct from
the classical one, giving rise to a whole new field of investigation, quantum logic (see
[120).

It is sometimes claimed that non-classical logics need to be developealise
classical logic is wrong, and so it must be replaced by a suitable logic, in accordance to
some philosophical criterion (for a discussion, E&43)). This would be the case, for
example, of the intuitionistic Brouwer-Heyting logic if we consider it as a culmination
of Brouwer’s original philosophy of mathematics. Brouwer’s stance implies that, in
a certain sense, classical mathematics has basic shortcomings and that a constructive
mathematics should take its place; the underlying logic of this constructive mathemat-
ics is a new one, tlierent from classical logic. In particular, it may be argued that, in
domains involving inconsistency (if really there are any), some other logic should be
used instead of classical logic. Nowadays, there are also philosophers who believe that,
in these fields, classical logic should be replaced by another logic (most of them think
that the right logic would be relevant).

But this is not our view regarding the rejection of classical logic. We think that
classical logic is a key subject that has, and will continue to have, strong interest and
applications. The only dlierence is that, in certain domains, other logics, in particular
paraconsistent logics, may be more adequate to make explicit some of the underlying
structures that (apparently) are being assumed in these domains. Classical logic can't
do that in every domain. This does not show that classical logic is wrong, but that
its area of application should be restricted. The use of non-classical logics in system-
atizing certain domains helps us understand important aspects of these domains. For
example, with PL, the nature of negation has been better understood, and the signifi-
cance of Russell set can be appreciated — see section 3.

Furthermore, as will become clear below, in our view, classical logic is valid in
its particular domain of application. With regard to PL, two possibilities emerge. In
certain contexts, PL can be viewed as a ‘heterodox’ logic, as a ‘rival’ ldgig, that
is, as a logic that deviates from classical logic with respect to some of its principles.
But, in other contexts, PL can be viewed asupplemento classical logic. After all,
certain paraconsistent logics coincide with classical logic if we take into consideration
just what are called ‘well-behaved propositions’ (roughly, those propositions that obey
the principle of non-contradiction). In short, we don't intend to play according to PL
rules alone. PL may be useful in some domains, as shown below, but we will continue
to use classical logic, or any other logic for that matter, whenever it is convenient or
appropriate.

So, we are inclined to agree with GonsEt33, Chap. Band sustain that (applied)

5Some authors attribute this principle, also known as ‘the principle of explosion’, to Pseudo Scotus.
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logic has an empirical counterpart. Nevertheless, we also have some reservations about
Gonseth’s picture. First, given our distinction between pure and applied logic, it is not
necessary to eliminate a certain a priori aspect of logic, as Gonseth apparently wants
(according to him, “logic is the science of an arbitrary object”). This does not imply
that we are endorsing the position that there is just one logic, which is independent of
any domain of knowledge. As noted above, logém be studied independently of any
application, as a pure mathematical system, and in this sense, it can be considered as
weakly a priori. So, even an applied logical system possesses an a priori dimension,
in addition to its a posteriori one. In fact, we can begin by studying a logical system
(say, some quantum logic) motivated by empirical considerations from science, but
then proceed to verify whether this domain can be axiomatized, prove a completeness
theorem for the resulting system, study other metalogical properties of the system, and
so on.

From another point of view, however, logic deals with the underlying structures of
inference of particular domains or theories. In this sense, a particular field (such as the
guantum world, to continue with the example) may suggest thafereint logic (that
is, other than the classical one) is useful to accommodate certain features that cannot
be dealt with by classical logic. For example, suppose we accept the view (advanced
by E. Schidinger, M. Born and others) that quantum objectsreme-individuals that
is, they have no individuality since a quantum object is always indistinguishable of any
other of a similar kind. It then seems that if we look at the quantum world as consti-
tuted by entities of this kind, classical logic (with Leibniz’s Principle of the Identity of
Indiscernibles) and classical mathematics (based on the notion of set, that is, collec-
tions of distinguishableobjects) should be revised. This is particularly the case if we
want to accommodate entities that, in certain contexts, can be regarded as ‘individu-
als’ (for instance, when an apparatus is prepared to work with particles), but in other
contexts cannot be regarded as ‘individuals’ (say, when waves are taken into consider-
ation). (Concerning these points, 4480.) So, diferent ‘perspectives’ of a domain
of science may demand distinct logical tools, which puts us infferdint framework
than the classical one.

However, let us insist, the possibility of using non-standard systems does not nec-
essarily entail that classical logic is wrong, or that domains like quantum theey
at the moment another logic. Physicists and other scientists probably will continue
to use classical (informal) logic in the near future. But we should realize that other
forms of logic may help us understand certain features of these domains, which are
not easily accommodated by classical means — as the concepts of non-individuality and
complementarity in the quantum domain show (86, [99], [100).

We don't think there is just one ‘true logic’. After all, distinct logical systems can
be useful to describe fllerent aspects of knowledge. (The same point can be made
about distinct mathematical systems, and perhaps even altkauedt physical physi-
cal systems.) In other words, we defend a fornhogfical pluralism But our proposal
is not relativist, since it's not the case that anything goes as far as applied logic is con-
cerned. We can always rule out certain applied logical systems as being inadequate
for certain domains. For instance, to capture constructive features of mathematical rea-
soning, classical logic is clearly inadequate; intuitionistic logic isn’t. (We will return
to the issue of logical pluralism below.) With regard to PL, we claim, with Granger
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[139, that paraconsistent logic can, and should, be employed in the development of
certain domains, but only as a preliminary tool. In the end, classical logic may eventu-
ally replace it as the underlying logic of these domains. Our position does not excludes
Granger’s.

In summary, there are in principle various ‘pure’ logics whose potential applica-
tions depend not only on a priori reasons, but, above all, on the nature of the applica-
tions one has in mind. This is also true of PL.

This paper is organized as follows. In the next section, we present da G@sta’s
logics. We then turn to paraconsistent set theories, and show, in particular, how they
accommodate inconsistent objects, such as Russell set. Next, we exashkinwsla’s
discussive logic, and show how it can be used in the formulation of the concept of par-
tial truth. We then examine annotated logic, and some of its applications. Since all of
these logics have been applied so extensively, such applications are here only touched
upon (but references are given). Limitations of space also prevent us from examining
all the related paraconsistent systems that have been developed in the literature. In fact,
it would be impossible to do justice to all developments of PL and their corresponding
applications. So, we limit ourselves to present the ideas and results with which our
work is more closely related.

2 ThecC-logics

In this section, we study a class of logics terndetbgics, which show that it is possible

to elaborate strong paraconsistent logical systems. In particular, within some of these
systems, it is possible to build set theories and paraconsistent mathematics such that
they contain standard mathematics. So, we can say that certain paraconsistent logico-
mathematical systems increase the scope of traditional mathematics. In other words,
it is possible to construct strong inconsistent systems without the immediate danger of
trivialization. And there is no diiculty in reproducing within these systems the usual
theories of logic and mathematics.

We begin with the propositional paraconsistent logic and, little by little, show how
it is possible to get paraconsistent set theories and paraconsistent mathematics.

The way we approach the subject will be that of pure mathematics, in the same
way as group theory or projective geometry of several dimensions are developed. The
significance of all of this to the ‘real world’, that is, the possible applications of the
resulting systems, will be discussed throughout the paper.

2.1 The propositional calculiC,

Our initial goal is to develop propositional calculi that can be the basis of inconsistent
but non-trivial theories.

We recall that a theory, whose underlying logic i& and whose language i§,
is inconsistentf there is a formulax such that botlr and-a (the negation ofy) are
theorems ofl'; otherwise,T is consistentT is trivial if all formulas of £ are theorems
of T; otherwise,T is non-trivial. L is paraconsistenif it can be the underlying logic
of inconsistent but non-trivial theories.
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An expression of the formr A -, whereA is the symbol for the conjunction, is
called acontradiction In general, if a theory is inconsistent, its logic enables us to
derive, for whatever formulea, a contradictiorn A —a from @ and-a; on the other
hand, in most logics, fron@ A —@ we can deduce both and -«. So, it is usual
to call the trivial theories contradictory, which means that in such theories there are
contradictions as theorems (or, equivalently, contradictory theorems).

We will begin by presenting the propositional calcultis It seems natural that
it should contain the usual connectives: (implication), A (conjunction),v (disjunc-
tion), and- (negation); equivalence~) is defined as usual (see Definition 2.1.1 be-
low). Furthermore, it seems also natural tiatshould be composed of most all of
the valid schemes and rules of classical propositional calculus, obeying the following
conditions®

I. In C; it should be not generally valid the principle of non-contradiction.

Il. From two contradictory propositions, that is, one being the negation of the an-
other, it should not be possible to deduce any proposition whatever.

The languagel of C; contains the following primitive symbols: (i) propositional
variables: a denumerable (infinite) set of propositional variables (formulas that are
not analyzed at the propositional level); (ii) connectives; A, v and—; and (iii)
parentheses.

Formulas are defined as follows: (i) any propositional variable is a formula; (ii) if
a andg are formulas, them(— B), (@ A B), (@ Vv 8) and-« are formulas; (iii) the only
formulas are those obtained from the preceding conditions (i) and (ii).

To facilitate the reading, we will adopt some conventions: (a) the symbad
stronger than the others; (h)andv are stronger than; and (c) external parentheses
can be dispensed with.

Definition 2.1.1 & & B =get (@ = B) A (8 = @)

Now we list the postulates @f; (axiom schemes, axioms, and primitive inference
rules). To begin with, we adopt the postulates of positive intuitionistic propositional
logic:

l.a-> B—-a)
2.@=p—-(a=>B-7)—>(@—>v)
3.anfoa

4.aNB—pB

50> B—-anp)

6.0 > (¢Vvp)

8Until section 5, validity means syntactic validity: a formula is valid in a calculus if it has a proof in such
calculus or if it is a theorem of this calculus.
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7.8 - (aVp)
8.l@—-y)->((B-y)—>(@VvB—Y)
9.a, a—> B/

Let us now examine negation. We could think about adding to the postulates above
the characteristic postulate of negation taken from the minimal calculus, namely,

(@ = p) = (@ = =p) = —a). @

However, this would not be adequate. After all, from (1) and the postulates above, we
can deduce the schema
-(a A ~a).

This stands for the principle of non-contradiction, which, by conditipalfove, should

not be valid inC;. Furthermore, in the minimal calculus, we can prove that the negation
of any proposition can be derived from a contradiction, and this is not adequate either
(see conditionl()). In the minimal calculus, we have (using (1))

a,~a,fra and a,-a,BF —q;

hence
a, ~a F —p.

As a result, by applying twice the deduction theorem (which is a consequence of the
postulates for implication of the minimal calculus), we have

Fa— (-a — B).
However, it seems interesting to accept (1), at least for tAsseh that
=(B A —=B).
This motivates us to adopt the following schema:
=(BA=B) = ((@ = B) = (¢ = =B) = ~a)).

We think it is convenient that every proposition be eittrele or false at least in
principle. (Nonetheless, we accept that there might be propositions that are true and
whose negations are also true.) It then seems convenient to include, in addition, the
following schema:

aV oa.

Now, =(a A —~a) means thatr satisfies the law of non-contradiction, that désis
well-behavedlf this is not the case, that is, df A —a holds, therw is ill-behaved We
then introduce the following definition:

Definition 2.1.2 a° =gt =(a A —a).
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Let us now consider the schema

e - a. (2)

We can reason heuristically as follows: difis well-behaved, we can suppose that it
obeys classical logic, and so (2) holds. dffis ill-behaved, then botlr and -« are
true, and by the postulates for implication, it follows that any proposition entails
particular,m—a entailsa. Thus, (2) seems to be acceptable.

Finally, given what was said above, we also adopt postulates that entail that formu-
las built with well-behaved formulas are also well-behaved. That is:

a®AB° = (@AB)®, a®AB°— (aVvp)°, a®AB°— (a— p)°.
These new postulates can be written as follows:
®AB° = (aAB)P A(aVB)° A (e — B

We can then deduce
a® AB° — (a & B)°.

Note that there is no necessity of assuming that
CYO N ("G’)O,

for this can be proven from the postulates above.
So, we have the following list of postulates f0y:

(Cae—-B-a)

(=2 (@—=p) - (a—>B—7) - (@-Y)
(=), @« = B/B

(M)aAB - a

(N anp—p

(A3) @ = (B— anp)

(Vi) @ = (@ Vp)

(V2) B = (a Vp)

(Va) ([@—=y)=>((B—y) > (@VvB—Y))
(=2) B° = ((@ = B) = ((@ = =B) — —a))
(m2) @® AB° = (@ AB)° A (@ VB)° A — B)°
(m3) @V —a
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We will show shortly thatC; has a bivalent semantics. But before doing that, let us
study the main properties ¢f;.

The concept of (formal) deduction of a formula from a set of formulas (i.e., in the
standard notatior; + «) is defined in the usual way. In this case, we say that a
syntactic consequence of the formulag'inFrom now on, capital Greek letters stand
for collections of formulas, while small Greek letters stand for formulas. We have, in
Cq:

Theorem 2.1.1

@ {a}+ e,

(b)T + a entailsT U A + «,

() if '+ y foranyy € A andA + «, thenI' + a.
Proof: Immediate, from the standard definition of syntactic consequenck (
Definition 2.1.3 « is a theorem o€ iff + a.

As usualf @ meand) + a. The symbols> and< are metalinguistic abbreviations
of implication and bi-implication respectively.

Theorem 2.1.21In Cq:
(a) (Deduction theoremjU {a} +B=Tra — B
(b) (Modus ponensr, @ — B} + 8
©{a.ptraAB {a.Blra{a.BYFB
(it ravp Biravp
(e) (Proof by casesY(U {a} ryandT U{B) Fry =T Uf{aVBit+y
(f) (Double negation elimination)-—a} + a.

Proof: Asin classical logic. The deduction of the paraconsistestctio ad absurdum
is made using the rules for implication and the schema. @

The next theorem is important, since it shows that conditithard () thatCy
should obey are indeed satisfied.

Theorem 2.1.3In Cy, the following schemas do not hold:
1l.-a- (@d—p)
2. -a - (@ — —-B)
3.a—- (—a—p)

4.0 — (ma — —p)
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5 aAN-a—-p

6. A —a— -8

7. (@ - p) - (@ = p) = —a)
9. -

10. @ & —a) > B

11. @ & —a) —» -8

12. —(a A —a)

13.a A —a - —(a A ~a)

Proof: The result is established using the tables below, with 1 and 2 as designated
values:

la[plaoBlarp|avp]

1[[1] 1 1 1

21 1 1 1

3 1] 1 3 1 [a [ —a ]
12 1 1 1 13 |,
22 1 1 1 2 |1

32 1 3 1 31

13 3 3 1

23] 3 3 1

33 1 3 3

We emphasize that, i@i;, the following principles — that play an important role in
certain paradoxes, since they lead to trivialization —rerevalid:

—a— (@ > B), ~a—- (> -B), aA-a—> B, aA-a— —p.
Theorem 2.1.4 In Cy, the following version of reductio ad absurdum holds:
CrTU{a) B, TU{a}r 8) =T+ —a.
Proof: By the deduction theorem and). I
Corolary 2.1.1 In C3, the following rules hold:
Cula)rpTUla}rB,TUla}r—B) =T+ —a,
CU{-a}+B°TUl-a}rB,TU{-a}r-6)=T+ -a.

Proof: From the previous theorem and from the fact thatjrwe haver o v -« and
Fo—a — a.l
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Theorem 2.1.5 If we add to the axioms @f; the principle of non-contradiction;(a A
-a), as an additional postulate, we get the classical propositional calculus (CPC).

Proof: By adding the principle of non-contradiction@@, we get- (¢ — 8) — ((@ —
-8) — —a), and, hence, the postulate system for CPC presented by Kl&éaep.
82.1

From now on, to simplify the notation, we will eliminate the symbjoésxd} when
we write deductions.

Theorem 2.1.6 In Cq, we have:
lL.oa—-a
e a
a—-BB-oyra—y

> Boy)EBo (@)

2

3

4

Ssa—>Boy)ranpoy
6.arnBoyra—(B—7)
T.a=>BrB—-y)—-(@—)
8.a—Br(y—a)—(y—p)
Qa—-Brany->BAYy
10.a—-BryAa—>yAB
llla—-Bravy—BVy
12.a—-BryVa—-yVp

13.a o BrBoa

ldaoppeoy,yraey
15.r(@ep) o Bea)

16.+ (@ = (@ > B)) = (@ = p)

17+ (@ = (@ = (@ = f)) = (@ = (@ = p))
18.+(@—>...(a>p)..)o(@—>...(a—>p)...)

n+1times ntimes

Proof: Immediate consequences of the waywas constructed.

Theorem 2.1.7 Propositional positive intuitionistic logic is contained (i .
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Proof: This intuitionistic logic is, in fact, characterized by the postulateg {o (v3).
|

Theorem 2.1.8In Cq, we have:
1.p%a—=Br-B—- -«
2.8 a— -BrB— —a
3.8, -a—pBr-B-a
4.8 -a - -BrB—a
5. (@ - —a) - -«

6. (~a@ > a) o a

Proof: We prove item 3. We haves®, ~a — B,-a + 8° B°, -~a — B,-6,—a + —f;
B°,—a — B,-B,~a + B. Hence B°, —a — B, =B + =—a, therefored®, —~a — B, -8 + a.
S0,8°, ~a — B+ -8 — a.l

Remark: SinceC; has several of the usual properties of classical propositional calcu-
lus, we can prove various other schemas as well, as is easy to see.

Theorem 2.1.9C; is a sub-calculus of the classical propositional calculus.

Proof: All postulates ofC; are valid in the classical propositional calculus. Further-
more, Theorem 2.1.3 shows that there are schemas that are valid in the latter calculus,
but which are not valid ii©;. I

Theorem 2.1.101In C;, the following schemas are not valid:
(@aAB)A-a—-p and a VB - (—a - p).

Proof: If these schemas were valid @, then using the deduction theorem, modus
ponens and the schema— a Vv 3, we could derive irC; the schema — (—a — g). 1

The previous theorem could also be proven using the tables above. As a result,
several other schemas that are valid in classical logic are not theorepas of

Corolary 2.1.2 The following rules are not valid i@, (disjunctive syllogisms):

Vb, —a vV
aVp e ¢ and 22222 ,8,(1_
B B
Theorem 2.1.111f ay,..., an are the prime components (propositional variables) of a

formulaa, then a necessary andfgaient condition foi to be provable in the classical
propositional calculus is that$, ..., a8 F @ in C;.
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Proof: If af,...,ap + ain Cy, thent « in the classical propositional calculus, since

B° is an abbreviation of:(8 A —8). Now, if + « in the classical propositional calculus
(supposed axiomatized as[it5d), then there exists a pro®f of « in this calculus, in
which only those formulas whose prime components are aragng. , a, appear. So,

if k is one of the formulas i, given postulate-{;), we have that?,...,ad + k% in

Ci1. Furthermore, irCy, we have thats,....ap + (y — 6) = ((y = —6) — —y), with

the usual restrictions. But, since every postulate of the classical propositional calculus
of [159 is valid inC1, with the exception ofd — 7) — ((f — —n) — —6), we see that

P can be transformed into a deduction(q of & froma?, ..., ap. |

Theorem 2.1.121f «y,..., a, are the prime components (propositional variables) of
the formulad” and of a formulay, then a necessary andgguaient condition fol" + «
in the classical propositional calculus is thBfe?, ..., + @ in C1.

Proof: Analogous to the previous onk.
Theorem 2.1.13 (A. I. Arruda) In Cy, we haver .

Proof: + a°° means-(a® A —a®), that is,~(a® A== (a A —a)). Buta® A——=(aA—-a) + o°
anda® A =—(a A @) F a A =, hence —~(a® A ==(a A —a)), that is,+ . |1

Theorem 2.1.141n Cy1, we haver a° — (-a@)°.

Proof: We have®, o A——a + @ anda®, ~a A ~—a + —a. Given thate®, o A ~—a +
a®, it follows thata® + =(—a A ——a), and henceg® + (—@)°. Thus+ a°® — (-a)°. |

Definition 2.1.4 (Strong negation) =*a =gef —a A @°
Theorem 2.1.15In Cy, + (@ — B) = ((@ = =*B) = —*a)
Proof: We have
a— B, a— —*B, a+-*a, and Q)
a— B, a— —*B,=a®+aA-a But
a—- B, a— B, aAN-atrp,
@— B, a— "B, aA-at+ -4 and
@ — B, @ = =*B+a°. Therefore,
a— B, a— B, -t a,
a— B, a—> "B -a’t —a,
a— B, a— =*B, -+ a°, and
a— B, a— "B, -a+-*a. (2)

From (1) and (2), using proof by cases and excluded middle, we have that
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a — B, a —» -*B+ —*a, hence
F(a = B) = (@ — -*B) » —*a).1
Theorem 2.1.16+ a — (=*a — )
Proof: We have:
a, ~a Aa®, B+ a,
a, ~a Aad®, B+ —a,
a, ~a A a®, =B + a°. Hence,
a, ~a A a® F =B,
a, ~aAa®+p and a, =*a +B. So,
Fa— (=*a - B).1
Theorem 2.1.17+ @ V =*a
Proof: We have:
FlaV—*a) o aV(-aAad),
FlaV—*a) & (@V-a)A(aVe®),and
F(aV—=*a) e (aVad).

Buti)a°raVva®andii)—a®F aA-at at aVa® So, fromi)andii) it follows that
FaVa® hence a Vv —*a.l

Theorem 2.1.18 The connectivess, A, vV and —*, in C1, satisfy all schemas and in-
ference rules of classical propositional calculus.

Proof: In Cy, the following schemas are valid:
(@ = p) = (@ = =*p) = ~*a),
a — (=*a — B) and
aV —"a.

If we add to these schemas the postulates)(to (v3) above, we get the postulates for
the classical propositional calculus (§669). 1

Theorem 2.1.191n C,, Peirce’s Law is valid; that is,
F((@a—>B)—>a) - a

Proof: Peirce’s Law can be derived in the classical propositional calculus. So, by the
previous theorem, it is provable @y. 1
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Theorem 2.1.201In C;, we haver a V (@ — B).

Proof: + a v (@ — B) is valid in the classical propositional calculds.

The results above show that classical propositional calculus is, in a certain sense,
contained irC1, althoughC; is a sub-calculus of it.

Definition 2.1.5 A schema or formula trivializes a calculusC if by addinga to C,
the new calculus is trivial, that is, all of its formulas are theorems.

Theorem 2.1.21 Any formula of the fornx A =*« trivializesC;.

Proof: By the results above, we see thdtis a classical negation. Se A —*« entails
any formula, that isy @ A =*a — g. 1

Theorem 2.1.22 The schema « (a — B), whereg is any formula, trivialize€; .

Proof: In Cy, we have (i} a V (@ — B). Hence, fromr anda < (o — B), we deduce
B. Froma — g and froma « (a — g), we deducg again. So, from (i)i- 5. I

Since, inC1, we have thatr ¢ vV (¢ - (@ — ...(a — B)...), then the schema

noccurences af
aoaVi@—-(@—...(@a—p)...),
whereg is any formula, also trivialize€;.
Theorem 2.1.231In Cy,
Flao (@Va) e (-ae (-ava)).
Proof: Use the table given at Theorem 2.1.3, and assignttee value 21

Theorem 2.1.241n Cy, the following schema and rule are not valid:

aep

(@ o B) = ((-a « -p),

Q@ & —|ﬁ

Proof: Immediate consequence of the previous theolem.

2.2 The hierarchyCp, 0<n< w

The calculugC; is not the only that satisfies the conditionand Il formulated above
(see page 7). Among other possible solutions, we will indicate, in what follows, a
hierarchy of calculi which satisfy such conditions, except for the first one, which will
be taken to be the classical propositional calculus. The hierarchy is the following:

C07C15C2,"'5Cn,"'scws (3)

whereCy is the classical propositional calculus and the remaining ones are defined
below.
To begin with, let us introduce the following definition:
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Definition 2.2.1
(i) oW stands for®
(i) o stands for™ ! A (@™ D)°, 2<n< w.

The calculugCy (0 < n < w) is then individualized by the postulates() to (v3)
above, plusy v -, =—a — a and the following ones:

() B9 > (@ = B) > (¢ = ) = ~a)
(n2) @® ABO > (@ = A A @AY A (@ v H).

The calculugC,, has as postulates+(;) to (v3) plusa vV ~a@ and——-a — «.

We can see that, i@,, 1 < n < w, we can substitute the schel® A8 A -8 — ¥
for the postulater(y). It is also easy to verify that the results above, proverCigmwith
suitable adaptations, can be also proverdigm = 2,3,...

Theorem 2.2.1 Each calculi in the hierarchy (3) is strictly stronger than those which
follow it.

Proof: (A. I. Arruda) The tables of the proof of Theorem 2.1.3, which we call figre

show thatCy properly contain€;. With the aim of proving that; properly contains

Ci+1,1 =1,2,..., we define the following tabl€E,, Ts, . . . (note that they do not include

the tables for negation, which will be defined separately)is obtained fromr; (as

in the proof of Theorem 2.1.3) by the addition of a new value, 4, which will be the
only non-designated value; we obtdinfrom T,,_; by adding a new value+ 2, which

will be the only non-designated one etc. The talillgsare then obtained frof,_;,
n=23,..., as follows. (Note that the rules below refer to the new arrangements of
values, which result from the addition of a new value, and no changes are made, in the
new tables, of those already obtained in the tables of ardet.)

(2) Conjunction If the components haveftierent values, the conjunction will have
the greatest value among the values of its conjuncts; if the values are equal, this will be
the value of the conjunction.

(2) Disjunction If the values of the components are distinct, the disjunction will
have the smaller value among the values of the components; if they are equal, this value
will be the value of the disjunction.

(3) Implication If the values of the components are distinct, the implication will
have the value of the consequent; if they are equal, the implication will have the value
1.

As for negationT,, gives us the following table:

a 1 2|13 |n n+1 | n+2
- ||nt2|1(2|---|nl|n 1

In the table abover = 1,2,...,n,n+ 1 are the designated values and 2 is the only
non-designated one.
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The tablesT, show thatC,_; strictly containsC,. For instance, the postulate
B = (@ = B) — (@ = -B) — —a)) and the schema™? — (-a)™D are
not valid in C,, which may be verified with some work (> 1). FurthermoreC,, is
strictly weaker than all the other calculi of the hierardhy.

2.3 Theories

In this section, we will make explicit reference to the calcuysalthough the exposi-
tion can be extended to all the calc@li,0 < n < w.

Definition 2.3.1 A =get {@ : A + @}
Theorem 2.3.1
(AcA
([iyAcT=AcT
(i) A c A
Proof: Immediatel
Definition 2.3.2 A is a theory if and only iiA = A.

Definition 2.3.3 Let T be the set of all formulas @;. ThenA is inconsistenif there
existse such thatA + @ andA + —a, otherwiseA is consistentT is trivial if T = Y;
otherwise] is non-trivial. An inconsistent set is also calledntradictory A theoryA
is paraconsisterit it is inconsistent but non-trivial.

Definition 2.3.4 Expressions of either the fora -« or —a A  are calledcontradic-
tions

It is easy to see that is inconsistent if and only iA + a A —a for some formulax.
Theorem 2.3.2C; can be the underlying calculus of paraconsistent theories.

Proof: It suffices to consider the theofy A —a}, wherea is a propositional variable,
and to apply the tables of Theorem 2.13.

Definition 2.3.5 A formulaq trivializes a calculug if, by addinga to C as a new ax-
iom, the new resulting system is trivial. In this caSes said to befinitely trivializable

For instance, the intuitionistic or classical implicative propositional calculi and the
classical positive propositional calculus are not finitely trivializable, while the classical
predicate calculus is.

Theorem 2.3.3 A formula of the formx A —a A o™ trivializesCn, 1 < n < w.

Proof: Immediatel



Paraconsistent Logic 19

Theorem 2.3.4C,, is not finitely trivializable.

Proof: Let us consider the following matridl, where 1 is designated:

’a\ﬁ\a—n@\a/\ﬁ\a\/ﬁ‘
00 1 0 0
1|0 0 0 1
0|1 1 0 1
111 1 1 1

If @ does not begin with the symbel then:

1) If the value ofa is 1, then the value of"«a is 1, where-" stands for-—...—, (=
repeatedh times,n > 1).

2) If the value ofa is 0, then the value of%a is 0, and the value of%*1a is 1, for all
k=0,12,...

M is sound foiC,,, as is easy to see. By induction on the length of the formulas, we can
show that no formula assumes the value 0. So, there is no fosrauleh thaty + « (or
Fy — a), for any formulax of C,,. 1

The following results can also be proven withoufidulty:

Theorem 2.3.5The calculiC,, 0 < n < w, with a finite number of propositional
variables, are trivializable by formulas of the form —a A ™.

Theorem 2.3.6 C,,, with a finite number of propositional variables, cannot be finitely
trivializable.

It should be remarked that if a theory is baseddanthere is more risk of trivial-
ization than if it were based afi,;;. To obtain the ‘maximum security’ in avoiding
trivialization, we should adopf,. But the further we go in the hierarchy (3), the
weaker the calculi we get.

Theorem 2.3.7 (A. I. Arruda) In C,, 1 < n < w, there is no reduction of negations;
that is, expressions likePa « -%, forp # q(p,q=0,1,2,...), are not valid in these
calculi.

Proof: It suffices to use the following truth-tables: the values of the tables are the
integers> 1 and the only non-designated value is 1d I§tands for designated value
andv(a) is the value ofy, then the tables for, A, v and- are as follows:

—: V(@ - B) =1liff v(e) = dandv(B) = 1; V(e — B) = 2 otherwise.
A V(e AB) = 2iff v(e) = d andv(B) = d, andv(a A B) = 1 otherwise.
V: V(aVp)=1iff ie) =1 andv(B) = 1, andv(a v B) = 2 otherwise.

- V(—a) = 2 iff v(e) = 1 andv(-a) = 1 otherwisel
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Corolary 2.3.1 (A. I. Arruda) The calculiCy, 1 < n < w, do not have finite charac-
teristic truth-tables; that is, finite tables such that a necessary affitiunt condition
for a to be a theorem is that it assumes only designated values in these tables.

Proof: From the hypothesis of the corollary, it is easy to see that if the calculi had
characteristic finite tables, they would enable reduction of negaflons.

2.4 Quantification

Corresponding to the hierarchy (3), we construct the corresponding first-order predicate
calculi. These new calculi will be denoted by

C3.CH.Chr . Chre . C @)

To begin with, we will construct the calcul@’. Let £* be a first-order language
that contains the usual symbols, connectives and quantifiers, as well as a denumerable
family of individual variables, predicate symbols (one for each arity), and auxiliary
symbols. We could also suppose th@t contains functional symbols, and in partic-
ular, individual constants; but we will not make this supposition here, except when
explicitly mentioned. The notions of formula, free and bound variables in a formula,
sentence (formula without free variables) etc. are standard. The notations and metalog-
ical conventions extend those made for the propositional calculi.

Cj is the classical first-order predicate calculus. The postulat€$ afe those of
C1 (suitably adapted) plus the following:

a—B(X)
(I) a—YxB(X)

(1) Yxa(x) — a(y)
(my a(x) - Ixa(x)
(IV) a(X)—p

Axa(X)—B

(V) ¥x(@(x))® = (Vx(x))°
(VD) ¥X(((¥)° = (Oxa(x))°

where the variablex andy and the formulag andg satisfy the usual restrictions.

Furthermore, an additional postulate needs to be adopted. To present it, let us say
that two formulas areongruentif one can be obtained from the other by replacing
bound variables or by suppressing vacuous quantifications (without confusion of vari-
ables). Here is the additional postulate:

(VII) A & B, whereA andB are congruent formulas.

A reason to accept postulates | - IV derives from the fact that they hold in classi-
cal logic and are acceptable intuitively. Postulates V and VI are assumed for reasons
similar to those that motivate the postulate€ef Finally, VIl is required for it seems
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correct to say that two congruent formulas are equivalent, and this fact cannot be de-
duced from the remaining postulates.

We can then establish the following theorem, whose proof is done in the same way
as in classical logic.

Theorem 2.4.1 All derived rules of theorem 2.1.2 hold@f. Furthermore, we have:
a(X) F Yxa(X) Yxa(X) + a(y)
a(t) F Ixa(X) If I'U {a(X)} + B, thenT U {Ixa(X)} + B,

with the usual restrictionésee[159).

Note that inC}, similarly to what happens in the classical calcultjs the above
rules impose restrictions on the deduction theorem[(584).
The proofs of the following theorems are also obtained withoficdity.

Theorem 2.4.2In C7:
FYX(@(X) = B(X) — (Ya(X) — VXB(X)
FYX(a(X) — B(X) = (Ja(X) — IXB(X))

Theorem 2.4.3 Suppose that, . .., v, are the quantificationally prime components of
the formulaa and the set of formulaB. In this case, if”" + « in the classical predicate
calculus, therfys,...,yp} UT + ain C}, and conversely.

Corolary 2.4.1 Letay, ..., an be the quantificationally prime components of the for-
mulaa. Then a necessary andffaient condition for- « in CJ is that{e?, ..., ap} + @
in Cy.

Theorem 2.4.4Cj is included inC}.

Proof: In the case of formulas whose prime components are well-behaved, Theorem
2.4.3 shows that, for these formulas, the laws and rul€g d¢fold. But, from Theorem
2.1.18,C1 is, in a certain sense, included@y, and so i<C;. 1

Corolary 2.4.2 C7 is undecidable.

Proof. Given thatCj is included inC}, andC{ is undecidable (Church’s theorem), so
isCr. 1

Theorem 2.4.5 The following schemas are valid @T, with the usual restrictionésee
[159, p. 162), and wherey is a formula in whichx does not appear free:

1.VXxy oy
2. Xy oy
3. ¥YxVya(X,y) & YyVWxa(X,y)
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4. IxAya(x,y) < FyAXa(X,Y)

5. ¥x¥ya(x,y) = ¥xa(X, X)

6. Axa (X, X) = IxAya(X,y)

7. Yxa(X) — Ixa(X)

8. Axvya(x,y) — Yydxa(x,y)

9. Vx(a(X) A B(X)) & YXa(X) A YXB(X)
10. Ix(a(X) V B(X)) < Ixa(X) v AXB(X)
11. a AYXB(X) « YX(a A B(X))

12.a v AXB(X) « Ax(a V B(X))

13. a A AXB(X) « Ax(a A B(X))

14. a vV ¥YXB(X) = YXx(a Vv B(X))

15. Ax(a(X) A B(X)) — Ixa(X) A IXB(X)
16. Vxa(X) vV YXB(X) = YX(a(X) V B(X))

Proof: Similar to the proofs in the classical calculus (the same point also applies to
some other schemas that holddp). I

Theorem 2.4.6In C7,
Yx(@(X)° F Ixa(X) & =V —a(X)
YX(a(X))° F YXa(X) & =Ix-a(X)
YX(@(X)° F =¥ Xxa(X) & Ax-a(X)
YX(@(X)° F =Ixa(X) & YX=a(X)

We define now thé&-transformof a formulae, wherekis a numeral among 2, ... .,
that is, constant symbols in correspondence with the natural numi&rs 1159, pp.
177]. By hypothesis, these symbols do not belong to the languagg ahd ofC7 .

Case 1: Ifa has no free variables, itstransform is obtained as follows: each part
of a of the formVxB(x) or of the formaxB(X) is replaced respectively B(1) A B(2) A
...AB) orbyBd)vER) V...V pE(Nn). Hence, thik-transform has no (individual)
variables.

Case 2: Ifa has free variables, that is, df is a(Xy, . .., Xm), then itsk-transforms
are obtained as follows: (a) we replace the variabgs. ., X, by permutations of
1,2,..., kwith repetitions of ordek; (b) we then take thk-transforms of the resulting
formulas of (a).
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Theorem 2.4.7If ' + a in C7, then anyk-transform ofa is deducible, irCy, from the
k-transforms of the formulas &,

Proof: By induction on the length of a deduction@ffrom I in the calculusC}. The
proof is similar to the classical case (that is, similactg. I

Corolary 2.4.3 If - a in C7, then thek-transforms ofr are provable inCj.

Corolary 2.4.4 If the formulaa has only predicate symbols of arity zero, that is, with
zero associated variables, andr in C7, thenr @ in Cy.

Proof: It suffices to note that, in this case, the okitfransform ofw is « itself. I

Remark:  Corollary 2.4.4 is important for it emphasizes that those propositional
schemas that do not hold @, continue not to hold irCy. In other words, if we

add toC; the postulates and specific formation rule<Cgf no new result is obtained
relatively to thepureformulas ofC;. Furthermore, Theorem 2.4.7 can be extended to
sub-systems of the classical propositional calculus (and of intuitionistic propositional
calculus) and their corresponding quantification theories. This is the case, for instance,
of classical positive logic (and intuitionistic positive logic) as well as the propositional
intuitionistic calculus and the minimal intuitionistic calculus. Theorem 2.4.7 applies to
the classical calcul’o andCj and constitutes the so-called Hilbert-Bernays Theorem
onk-transforms.

Theorem 2.4.81n C7, the following schemas are not valid:
1. -3Ax=a(X) « Yxa(X)
2. =¥Xx=a(X) & Ixa(X)
3. —Ixa(X) & Vx-a(X)
4, Ax-a(X) & =Yxa(X)

Proof: Itis easy to see that the 2-transforms of these schemas are not provable in
It suffices to take the 2-transforms and to use the tables of TheoremP.1.3.

Theorem 2.4.9C7 is strictly weaker tharCj, and C} can be obtained fron®y by
adding to its postulates the following schemda A —a).

Proof: The result is a consequence of the fact thgis obtained fronC; if we add
—=(a A —a) to C; as a postulatd.

The remaining calculC}, 2 < n < w of the hierarchy (4) are obtained by adding
to Cy, with obvious adaptations, the postulates I-IV and VIl above, plus the following
ones:

(Vi) V(@)™ — (Vxa(x))™
(V1) V (@(x)™ — (@xa(x)™
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C} is obtained fronC, by adding to its postulates the schemes IV and VII.
Itis clear that the calcull’;, 2 < n < w have properties similar to those Gf . In
particular, the following results hold.

Theorem 2.4.10Let the quantificationally prime components of the formuland of
the formulas of beay, ..., am. In this case, it" - @ in C}, thena™, ... o), T + i
C}, 1< n< w, and conversely.

Theorem 2.4.11C}, 0 < n < w, is undecidable.
Theorem 2.4.12 (Essenin-Volpin is undecidable.

Theorem 2.4.13If T + a in C}, 0 < n < w, then thek-transforms otr are deducible,
in Cp, from thek-transforms of the formulas of.

Theorem 2.4.141f + @ in C};, 0 < n < w, then thek-transforms ofw are provable in
Cn.

Theorem 2.4.15If formulaa belongs taCy, 0 < n < w, andr « in Ci, thenr a in Cy,.

Theorem 2.4.16 Every calculus of the hierarchgy, 1 < n < w, is a proper sub-
system oC7.

We can prove for the hierarchy (4) results analogous to those established for the
corresponding propositional calculi. For instance, we have:

Theorem 2.4.17 Every calculus of the hierarchg;, 0 < n < w, is strictly stronger
than those that follow it.

Theorem 2.4.18 Every calculugC}, 0 < n < w, is finitely trivializable.

Theorem 2.4.19C; is not finitely trivializable.

2.5 Equality
From the hierarchy (4), we can construct the following hierarchy of predicate calculi
with equality:

C;.C1.C5,....Cy, ..., Cy. (5)

This is done by adding to their languages the binary predicate symbol of equality,
with suitable modifications in the concept of formula, and by adding the following two
postulates:

"N VYx(x=x)
(1) x=y = (a(x) - a(y))

with the same restrictions adopted in the classical calculus. Kgretands for the
classical first-order predicate calculus with equality. We begin by studyjng



Paraconsistent Logic 25

Theorem 2.5.1 We have irC7:
1.rx=Xx
2. EX=y->y=X
B FX=YyAy=z—>X=12
Theorem 2.5.2 We have irC7:
Lrx=yo (ax) - aly)
2. Vt(a(t)° + a(X) A —a(y) = X # Y, wherex # y stands for-(x = y).

Proof: The first schema is proven in the same way asgn As for the second, note
thatVt(a(t))° + (a(y))° andx =y — (a(X) — a(y)). So,

Vi(@(1)®, a(X) A —a(y), x =y (a(y))°
Yi((1)°, a(X) A ~a(y). x =y F —a(y)
Vi(e(1))%, a(X) A —a(y), X = Y+ a(y).
Consequently,
Vi(@(1)®, a(X) A —a(y) F =(x =)
Yi(a (D) F a(X) A —aly) = x £ y.1
Theorem 2.5.3In C7:
Vy(a(y) © Ix(x =y A a(X)
Yy(a(y) © YX(x =y — a(X))
Yyax(x = y)
Theorem 2.5.4 If we add to the postulates 6f; the scheman(a A —a), we obtainCy.

Theorem 2.5.5LetT + «, and letay,...,an be the quantificationally prime com-
ponents of the formula and of the formulas iT". In this caseI’ + a in Cj iff
af,...,aqTrHainCy.

Theorem 2.5.6 C;, is undecidable.

Proof: C7 containsCy just asCy containsCy. So,C7 is undecidablel

All valid schemas oCj that do not explicitly contain the symbelare valid inC7.

Theorem 2.5.71f ' + a in Cy, and if in the formulas of U {a} we replace-* for —,
thus obtaining the formula* and the set of formulag*, thenI™ + o* in CJ.

Proof: It suffices to note that* has the properties of classical negatibn.
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Definition 2.5.1 A!'xa(X) =ger IYVYX(Y = X & a(X))
Theorem 2.5.8In C7, + VXAly(x = y).

Theorem 2.5.91f & does not contain the equality symbol and in C7, thenr a in
Cy.

Proof: Let D be a formal proof ofr in C7. There are only a finite number of applica-
tions of postulate (II') inD, say

X1 =Yy1 = (a1(x1) © @1(y1)), ..., X = Yk = (%) & a(Yi))-

Let u andv be variables that don’t appear in the formuladofWe denote byK(u, v)
the universal closure of the following formula, with respect to all free variables distinct
from u andv:

(1(X1) © a1(y)) A ... A (ak(X) < ax(Yk))-

If we then replace subformulas of the foste= y of formulas occurring irb by K(x, y),
we get a formal proof o& in C¥, after a few suitable adaptatiorls.

As a consequence of the above theorem, we have that {f} is a set of formulas
of C} such thal” + a in C, thenl + « also inC7.

The theorem 2.5.9 is important, for it shows that the quantificational schemes that
are not deducible i} remain not deducible i¢7. So, the formulagy A —a — B,
=(a(X) A —a(X)) andIAxa(X) < ~¥x-a(X) are not theorems a3, since they are not
theorems oC7.

With regard to the calculi of the hierarchy (5), we can prove several interesting
results. In what follows, we sum up some of these results, without proof.

Theorem 2.5.10The proposition2.5.1, 2.5.3, 2.5.4, 2.58nd 2.5.9hold forC;, 0 <
n<w.

Theorem 2.5.111If the quantificationally prime components of the formulaF of{a}
areas,...,am, thenifl' - ain Cj, we have that?,...,o0. T+ @inCh, 1< n< w.

Theorem 2.5.12 Every calculus of the hierarchy (5) is strictly stronger than those fol-
lowing it.

Theorem 2.5.13The calculi of the hierarchg;, 1 < n < w, is finitely trivializable,
while C is not.

2.6 Descriptions

In the calculiCy;, 1 < n < w, we can introduce the description operatphy means

of a contextual definition, similarly to Russell's well-known definition in the case of
C,- Alternatively, the symbol can be introduced in the language of the calculi as
a primitive symbol, satisfying the axioms presented below. This gives rise to a new
hierarchy of calculi of descriptions:
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Do, D1, Da, .., Dpy..., Do (6)

The postulates to be added to thoseCgf 1 < n < w, are the following ones
(satisfying the usual restrictions; sgx2():

(D.1) YXF(X) = F(yQ(y))

(D.2) YX(P(X) & Q(X)) — tXP(X) = t:xQ(X)
(D.3) txXF(X) = tyF(y)

(D.4) PlyQ(y)) — IxP(x)

(D.5) AXP(X) = (YX((tXP(X) = X) & P(X)).

It can be proven thabDy is a conservative extension 6f (0 < n < w). As above,
we will focus the discussion on the first calculus of the hierarchy, narfgly In
particular, the following results are significant (and their proofs are adaptations of the
classical case):

Theorem 2.6.11n Dy, + (XF(X) = (XF(X).

Theorem 2.6.2 If «xF(X) is free forx in F(x), thenr AIXF(X) - F(XF(X)).

Proof: From (D.5), we have- I'xF(x) — YX((xF(X) = X) < F(x)). Taking
AlxF(X) as hypothesis, we getX((t(xF(X) = X) « F(X)). Then, from (D.1), {xF(X) =
XF(X)) & F(xF(x)), henceF (exF(x)). So,+ A'XF(X) —» F(exF(x)). 1

Theorem 2.6.31In Dy, + YY(X(X = y) = Y).

Theorem 2.6.4In D, we have:

=

CEYY(xXP(X) =y oy = XP(X))

2. - YWXXP(X) =y Ay =2z — 1XP(X) = 2

3. FYXVZ(X = tyQY) AyQY) =2— X=2)

4. F VZxP(X) = tyQ(y) Ay Q) = 2 = xP(X) = 2)

5. YY(xP(X) = y Ay = 1zR2) — XP(X) = 1zR2))

6. xP(x) = tyQy) « tyQy) = eXP(X)

7.+ xXP(x) = iy QY) A tyQY) = 1zR2) — xP(X) = zR2)
8.+ F(tXP(X)) A AxX(X = txP(X) = F(X))

9.+ F(tXP(X)) & YX(X = «XP(X) = F(X))

10. F eXP(X) = tyQ(Y) A 1zQ(2) = ttK(t) — «xP(X) = «tK(t)
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Theorem 2.6.5 Let F(X) be a formula, andi andt be two terms (variables or descrip-
tions) free forxin F(x). Then,

Fu=v— (F(u) - F(Vv)).
Theorem 2.6.6 If y does not occur free iR(x) andxP(x) is free forx in P(x), then
FAXP(X) — (FxP(X) « FY(F(y) A VX(X =y & P()))).
Proof: Let us assume that! xP(x). So,
YX(XP(X) = X & P(X)).
Then, taking-(1xP(X)) as a hypothesis, we get

F(xP(X)) and Yx(xP(x) = X & P(X)).

Hence,
F(xP(X)) A YX(X = 1XP(X) < P(X)),
and so,
Ay(F(Y) A YX(X =Y & P(X)).
Consequently,

F(xP(x)) = Ay(F(y) A YX(X = y & P(X))).

But, assuming that
y(F(y) A ¥X(x =y < P(X),

it results that
F(y) AVX(X =y & P(X),

o)
F(y) and ¥Yx(x =y < P(X)),

and hence we conclude that (xP(x) and that~(:xP(x)). Then,
AY(F(y) A YX(X =Y & P(X)) = F(xP(X)).

So,
AXP(X) = (F(xP(X)) « Iy(F(y) A VX(X =y < P(X)))).1

Theorem 2.6.7 Let Ay, ..., A, be the quantificationally prime components of the for-
mulaF and of the formulas ifr. In this case, it” - F in Do, thenA?, ..., A0, T + Fin
D,, and conversely.

Let us consider the set of formul@sof D,, and suppose that the finitely many
descriptions that appear in these formulas are:

X1 Q1(X1), t%2Q1(X2), . ...

1X1Qa(X1), t%2Q2(X2), . . .
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which we admit ordered by some order relation. We can then associate to each of these
descriptions one of the variablés. .., t,_1, which do not appear in the formulas of

T, in such a way that the association is a bijection. Ftransforms of the formulas

of I" are the formulas obtained from the memberd dfy replacing in them the de-
scriptions by their associated variables, and identifying the variables corresponding to
descriptions, such as in the case of D.4.

Theorem 2.6.8If + F in D; andF does not contain the symbaisand., then+ F in
Cy.

Proof: If F can be proven iy, itis deducible irC7* from a finite number of formulas

of types D.1-D.5 (see page 27 above), whgFe is the calculus obtained frod; by
introducing formation rules enabling descriptions as new terms in addition to variables.
Let us denote by\ a deduction ofF in CT* from formulas of types D.1-D.5. If we
substitute, in such a deduction, formulas by theiansforms, we see that we get a
valid deductiomrA* in C. But after such substitutions, the formulas of types D.1, D.3
and D.4 turn out to be axioms @f; andA* is a deduction oF from formulas of the
forms (i) VX(P(X) & Q(X)) — t = t; and (i) AIXP(X) = VX(tk = X & P(x)). Ifin

A* we identify pairs of variables, such gasandt;, that appear free in the formulas of
the type (i) above, then* becomes a deductiof**, which is still valid inC7. But
since the formulas of the specified type are axiomSpfthey can be suppressed from
the hypothesis oA**. This yields a deduction*** of F in C; from formulas of the
form (ii). However, to say thaF is deducible inC7 from formulas of the above type
is to say thaf is deducible inC} from formulas of the following forms¥x(x = x),

X =y — (A(X) = A(y)) andP(ty). Therefore, taking into account theorem 2.5.9, we
easily complete the prodk.

The calculiDg, Dy, ..., Dy, ..., D, have properties similar to those 6%.
Theorem 2.6.9 The Theorems 2.6.1 to 2.6.6 hold for every cal@i 0 < n < w.
Theorem 2.6.101f + F in Dy andF does not contain the symholthenr F in Cg.
Theorem 2.6.11 The calculiD,, 0 < n < w are simply consistertt.

Proof: By the previous theorent), is simply consistent i€; is. Since the remaining
calculi are sub-systems @, the theorem followd

Theorem 2.6.12Let0 < n < w, and letAy,..., A, be the quantificationally prime
components of the formufaand of the formulas ifi. Then " + F in Do iff ALY, ..., APT +
Fin Do.

Theorem 2.6.13The calculiD,, 0 < n < w, are undecidable.

"This means that for no formul, both A and—A are provable in these calculilG9, p. 124).
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Theorem 2.6.14Every calculus of the hierarch$,, 0 < n < w, is strictly stronger
than those that follow it.

Theorem 2.6.15 D, 0 < n < w, is finitely trivializable.
Theorem 2.6.16 D,, is not finitely trivializable.

Theorem 2.6.171f T' + a in Dy and the formulas i U {a} do not contain the descrip-
tion symbol, thenl'+ ¢ inC;;,0< n < w.

2.7 Semantics

We begin by sketching a two-valued semantics@of Here,7 stands for the set of
formulas ofC1; I andA designate subsets #f, while T denotes the set of all formulas
a such thal + a.

Recall that we say that a sEtof formulas is trivial ff T = ¥ otherwise, it is
non-trivial. T is inconsistentft there is at least one formuta such that bothr and
-a belong tol; otherwise I is consistent. Finallyl” is maximal non-trivial ff it is
non-trivial and, for any formula, if a ¢ T, thenl" U {a} is trivial.

Theorem 2.7.1If I is maximal non-trivial, then:

lTraoacl 2a€el=> *a ¢l

3 *ael=>a¢l 4 aclor-*aell

5 ra=acl 6.,a°€el = -a¢l
7. -a,0°el'=> a¢l 8 a,a—>pBel'=>pBel

9a°celsa¢lor-a¢l 10 a°el = (ma)° el

Proof: We will prove only one side of the first property. Suppose thate buta ¢ T'.
Then, sincd” is maximal non-trivial[' U {a} + @ A =*a. Hencel' + @ — (a A =% a),
andl’ + =*a. But, sincd + a, thenl™ + a A —*a, thereford" is trivial, which is absurd.
|

Definition 2.7.1 A valuationof C; is a mapping : ¥ +— {1, 0} such that:
Dv(@)=0=v(-a)=1
2v(=—a)=1=>v(e)=1
)v(B°) =vi@e—>pB)=v@e—-B)=1=v(@)=0
Nyl —->B) =1l v@)=0o0rv({B) =1
S5)vieAB) =1l v(e)=v({B) =1
6),vevp)=1leve)=1lorv{B) =1
Nv(@®) =v(B°) = 1= v((a VB)°) = v(a AB)°) =v((a - B)°) = 1.

Theorem 2.7.21f v is a valuation ofCy, it has the following propertiesv(a) = 1 &
v(=*a@) = 0, v(e) = 0 © v(=*a) = 1, v(e) = 0 © v(e) = 0 and v(-a) = 1,
v(@) =1 v(e) =1orv(-a)=0.

8The semantics of valuations, conceived as a general semantic method, was developed by the first author
of this paper in the 1960s, in his Logic Seminar at Federal University of RaBaazil.
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Definition 2.7.2 (i) A valuationv is singularif there exists at least one formuasuch
that v(e) = v(—a) = 1; otherwise,v is normal (ii) A formula « is valid if for every
valuationv, v(e) = 1. (iii) A valuationv is a modelfor a setl" of formulas ifv(a) = 1
foranya €T (iv) A formulaa is a semantic consequencél if every model of " is
such that(e) = 1; in this case, we writ&  «. In particular, E « — which abbreviates
0 E a — means that is valid.

Theorem 2.7.3 (Soundness) + @ = I' E « (in particular,+ a = E a).
Proof: As in classical logicl

Lemma 2.7.1 Every non-trivial set of formulas is contained in a maximal non-trivial
set.

Proof: By adapting the corresponding proof in classical lobic.
Corolary 2.7.1 There exist maximal non-trivial inconsistent sets.

Proof: It is easy to see thdtr, —a} is inconsistent but non-trivial. By the preceding
Lemma, it is contained in a maximal non-trivial set of formulas, which is inconsistent.
|

Lemma 2.7.2 Every maximal non-trivial set of formuldshas a model.

Proof: Define a mapping : ¥ — {0, 1} as follows: for every formula, if « € T, then
v(a) = 1, andv(a) = 0 otherwise. It is then easy to see thaftisfies all the conditions
in the definition of a valuatiorl

Corolary 2.7.2 Any non-trivial set of formulas has a model.

Corolary 2.7.3 There are singular valuations; that is, valuations that assign value 1
to contradictory formulas. (A valuation that is not singular is called normal.)

Proof: The sefa, —~a} is inconsistent but non-trivial, hence it is contained in a maximal
non-trivial set, as shown above. But this set has a model, which is a singular valuation.
|

Theorem 2.7.4 (Completeness)' | @ = I'+ « (in particular, E @ =+ a).

Proof: Let us suppose th&t¥ a. In this casel’ U {=*«a} is non-trivial and has a model
v. So, there is a modelof I' such that(a) = 0, which is absurd.

Theorem 2.7.5 There are inconsistent (but non-trivial) sets of formulas that have mod-
els.

Definition 2.7.3 LetA =ge {@° € F : + a}. Thenl is said to bestrongly non-triviakf
I' U A is non-trivial. T" is said to bestrictly non-trivialif T U A is non-trivial.

Theorem 2.7.6 There exist sets of formulas that are non-trivial and sets of formulas
that are strictly non-trivial.
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Proof: To prove the first part of the theorem, suppose thi the sefa® € F :+ a}.
ThenA is consistent, which implies that it is also non-trivial. 2ois contained in a
maximal non-trivial sef\’. LetA” be A’ — A. ThenA” is strongly non-triviall

We will now discuss a byproduct of the semantics@arsketched above, namely,
the decidability of this calculus.

2.7.1 The decidability ofC;.

Definition 2.7.4 (Quasi-matrix) We call qguasi-matrices the tables constructed accord-
ing to the instructions given below, applicable to each formul@gsee[9]). Given a
formulaa:

1. Make a list of all propositional variables that appeat,jand arrange them in a line.

2. Under the propositional variables, place all possible distributions of Os and 1s that
can be attributed to the variables, as usual.

3. Make a list of the negations of propositional variables appearing in the formula.
And calculate their truth-value, in each line, as follows: (i) if a variable has value 0,
its negation will have truth-value 1; (ii) if the variable has value 1, bifurcate the line
in which it appears, by writing in the first part the value 0 for the negation and, in the
second part, the value 1 for the negation. Before a bifurcation, the truth-values must be
the same for the two resulting lines.

4. Complete the previous list, by adding the sub-formulas ahd the negations of
proper sub-formulas. And calculate, for each line, the truth-value of each sub-formula
of a. If it is a proper sub-formula, calculate the value of its negation (whose proper
sub-formulas and their negations have already been listed and calculated), as follows:
(i) When no negations are involved, proceed as in the truth-tables for the classical
propositional calculus; (ii) If any of the formulas in consideration is a negation — and
so of the form—a’ — write the truth-value 1 under it in those lines whefénhas value

0. And in the lines where’ has value 1, proceed as follows: (i")df is of the form

-8, then check if the value ¢f is the same as the value 68; in this case, bifurcate

the line by writing the value 0 in the first part and the value 1 in the second. If the value
of g is distinct from the value of3, simply write 0. (ii’) If o’ is of the formpB >« v,
wherex<e {—, v, A}, there are two cases to consider: ¢ajs of the forms A =6 or of

the form=¢ A 6. In this case, write the value 0 for the formuitg (b) o’ is neither of

the formé A =6 nor of the form—é A 6. In this case, check if the value gfis equal

to the value of-+g or if the value ofy is equal to the value ofy. In the positive case,
bifurcate the line, by writing the value 0 in the first part and, in the second, write 1. If
the value of3 is distinct from the value ofg, simply write 0.

We will exemplify this definition below. Before that, we state the following lemma:

Lemma 2.7.3v: ¥ - {0,1} is a valuation j:

l.v(-a)=0=>v(a) =1
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2.v(=-a) = 1= v(a) =1
3vB) =v@e—->p)=vie—> P =1=v(a)=0
4.v(@—B) =1 va)=00rvpB) =1
5.varf)=1ev(e)=v({B) =1

6.viavB) =1loeve)=1orv{B) =1

7. v((@AB)P)=0e v(e®)=0o0rv(B°) =0
8.v((a VB)°) = 0 & v(@°) = 0 andv(8°) = 0

9. v((@a—>B°)=0ev’)=0o0rvp°) =1
Lemma2.7.4v(e®) =0 v(a) =v(-a) =1

Proof: (a) v(a®) = 0 implies thatv(e A —=a) = 1 andv(a) = v(-a) = 1. (b) Suppose
thatv(a) = v(-a) = 1. If v(@®) = 1, thenv(a) = v(-a) = v(@®) = 1, thatis,
v(a) = v(=*a) = 1, andy would not be a valuation. Henc€a®) = 0 and, therefore,
v(a) = v(-a) = 1.1

Lemma2.7.5v: ¥ +— {0, 1} is a valuation jf the conditions 1-6 of Lemma 2.7.3 hold
and:

7i. v((@ > p)°) =0 v(a) =v(-a)=1orv(B) =v(-B) =1
7ii. v((@AB)?) =0 v(a)=v(-a)=1lorvB)=v(-B)=1
7i. v((@vp)®) =0 v(@)=v(-a)=1orv{B) =v(-B) =1

Definition 2.7.5 Letv be a valuation and a formula. Then, is called therestriction
of v to the set of sub-formulas afand the negations of proper sub-formulasxwof

Lemma 2.7.6 For every valuatiory and formulaa, v(a) = v, ().

Definition 2.7.6 Lety be a valuation and" a set of formulas. Thew is therestriction
of v to the sef".

Definition 2.7.7 We say that a line of a quasi-matroorrespondso vr if vr(a) is the
value corresponding ta in that line for every € I', wherel is the set of all formulas
of the matrix.

Lemma 2.7.7 Given a quasi-matrixQ, then for every valuatiomn there exists a line of
Q that corresponds ter, wherel is the set of all formulas d®.

Proof: By induction on the number of columns & I

Definition 2.7.8 Let Q be a quasi-matrix for a formula, and letI" be the set of all
sub-formulas and negations of proper sub-formulag.dfetk be a line ofQ andk(«)

be the value attributed te in k. We callA(T', K) the set of formulas such that, for every
formulaa:



34 Semantics

(I) If @ € T, thena € A(T, K) iffk(a) = O.
() If @ ¢ T, thena € A(T, K) iff

a) a is atomic, or

b) @ is of the form~a; anda; ¢ A(T, k), or
C)aisay A az anday € A(T, K) anda; € A(T, k), or
d)aisai vV azanda; € A(I',K) anda; € A(T, K), or

e)aisa; — az anda;y ¢ A([, k) anda; € A(T, k).
Some properties of the s&(I", k) are the following:
1. ~a € A(T',Kk) = a ¢ AT, K)
2.a e AT,K) = ——a € A(T',K)
3. "*a e A(l,k) & a ¢ A(T,K)
4.a— B¢ AI,K) o aecAl,k)org ¢ A(T, k)
5.a e A(T,K)orB € A(T,Kk) & a AB € AT, K)
6.a ¢ A(l,k)org ¢ A(I,k) © a Vv B ¢ AT, K)

7. (@=p)° € A(ILk) = a ¢ A(l',K) and-a ¢ A(T, k), org ¢ A(T',k)and—8 ¢ A(T, k),
wheres<e {—, A, V}.

Lemma 2.7.8 (A. Loparic) For every linek of a quasi-matrixQ, there is a valuation
v such thatr corresponds t&, whererl is the set of formulas a.

Proof: Let v be a function fronF in {0, 1} such that, for every € ¥, v(a) = O if

a € A(T,K), andv(a) = 1 if @ ¢ A(T',K). Then, by the properties 1-7 above of the set
A(T, K), v is a valuation. Sincer andk are the same, we can say that there exists a
valuationv such thatr corresponds té. I

Theorem 2.7.7 (M. Fidel) The calculug’; is decidable.

Proof: Consequence of Lemmas 2.7.6, 2.7.7 and 2.7.8. The foraigla theorem of
C, iff in any quasi-matrix fow, the last column has only 1's. Irffect, in this case, for
every valuatiorv, we have that(a) = v,(a) = 1.1

Let us exemplify the method presented here by showing-that 8) —» —a A =8
is not valid inCy:
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a|B|-a|-B|lavB | (aVvp) | ~ar-B | =(aVB) > -~aA-E
0|0 1|1 0 1 1 1
0|1 1 0 0 1
1011 1 0 1 1
1 1 1
0 1 0 0 1
o1 1 1 1 0 1 1
1 1 1
0 1 0 0 1
0|1 1 0 0 1
1 0 0
1|1 0 1 0 0 1
1 0 0
111 1 0 1 1
1 1 1

The extension of the semantics@f to the systemg,,2 < n < w, is immediate.
All definitions and theorems are the same, with obvious adaptations (for instathce,
becomes-(™, anda® becomes(). When constructing quasi-matricespifis of the
form g1 A =51, or of the form-8"1 A g1 we must write 0 for the formula.
We must have(—a) = 0, otherwise, due to clause 7 of Definition 2. 3:(6A-"g) = 1,
and thenv would not be a valuation. Note that this clause is precisely the one that
characterizes the quasi-matrices of the systéms < n < w.
As an additional example, to see that the schesfa¥) A o)™ is valid inC,,
but not inCp,, for m > n, it suffices to show that the schemaf —a)° is valid in Cq,
but not inCs. In fact, we have irC:

a | —a | an-a | =(@dA=-a) | (@A=a)A=(aA-a) | =((@A-a)A=(aA-a))

0| 1 0 1 0 1
110 0 1 0 1
1 1 0 0 1

However, inC,, we have:

a | —a | an-a | =(@A-a) | (@A=-a)A=(aA-a) | =((@A-a)A-=(aA-a))

o1, O 1 0 1
110 O 1 0 1
1 1 0 0 1
1 1 0

1

It is also possible to show that, is decidable; seE173 and section 6.

2.7.2 Semantics foC]

The semantics sketched above can be extended to the quantificational calculi described
earlier. Let us begin by defining anterpretationfor C7 (in fact, for the language of



36 Semantics

C7) as a pairl = (D, p), whereD is a non-empty set and is a mapping such that:
(i) p associates an elemepta) € D to each individual constarg of the language
of C7; (i) for eachn-ary functional symbolf of the language o€7, p associates an
n-ary function fromD" to D, and (iii) to eachn-ary predicate symbdP, other than
identity, p associates an-ary relation orD; (iv) to the identity symbok, p associates
the diagonal oD, namely, the setp =ger {(X, X) : X € D}.°

If I is an interpretation foC7, then for each element @, we choose a new in-
dividual constant, the name of the element (as usualifetient names are chosen for
different elements). This new language, as is well known, is calledittggam lan-
guageof C7 relatively tol ([228, p. 18), and we refer to it as 0.

If I is aninterpretation fo€7, avaluationv of C7 is a map from the set of sentences
of DC7 in {0, 1}, defined as follows:

(1-7) Clauses 1-7 of Definition 2.7.1

8) v(¥xa(x)) = 1 iff for any individual constant of DC;, v(e(c)) = 1
9) v(Ixa(X)) = 1 iff there exists a constaobf DCT so thatv(a(c)) = 1
10) v(VX(a(¥)°) = 1 = v((VXx(x))°) = v(@Fx(x))°) = 1

11) If @ andg are congruent, ther(a) = v(B)

12)v(c =) = 1iff p(c) = p(C)

13)v(c = ¢) = 1 andv(e(0)) = 1, themv(a(c)) = 1

We say that a valuation satisfiesa sentencer of DC7 (and, in particular, o€7 )
if v(a) = 1. vis amodelfor a sefl” of sentences if(«a) = 1 for everya € T', anda is a
semantic consequenoérI” (in symbols[ k£ «) if v(a) = 1 for every mode}b of I.

Theorem 2.7.8 (Soundnessy + @ = T k @, wherel' U {a} is a set of sentences.

Proof: As in the classical case, using induction on the length of the proefiam I
|

We say thafl is trivial if ' + «, for everya; otherwise,I is non-trivial. T is
inconsistenif there existse such that” + o andT" + —«; otherwise I is consistent
Finally, a sef” os sentences istdenkin setf for any formulaa(x) with just one free
variable, there exists a constarnf the language of such thaf” + Ixa(X) — a(c).

Theorem 2.7.91f T is non-trival (and a Henkin set), then it is contained in a maximal
non-trivial (and also a Henkin set) set of sentences.

Proof: As in the classical casé.

9As we noted earlier, the language may contain neither individual constants nor functional symbols.
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Theorem 2.7.101f T is a maximal non-trivial Henkin set of sentences, then:
QDa-pelrsa¢lorBel Qanpel ©a,Bel
RavpBellrsaclTorBell @Tlrasacel

B)aeyo ~*ae¢l (6) ~a,a° eIl > a¢l
(MNa,a®el' = -a¢l (8)aelor—*acl
a,a—>Bel'=pel (10)a° el = ()’ el

(1) a% el = (@ = B)°%(@Ap), (avp)Pel

(12) Vxa(x) € Tiff for any constant of C],a(c) € T
(13) Axa(x) € I' iff for some constant of C7, a(C) € T
A4 Yx(a(X))° eT = (Yxa(X)° e I and (Axa(X))° e T
(15) If @ andp are congruent, thew & BT
(16)c=Cc,a(c) el = a(c) el

Proof: As in the classical case, by using the strong negatibiinstead of the weak
negation-. I

Theorem 2.7.111f T is a Henkin non-trivial set of sentences (either consistent or in-
consistent), their has a model.

Proof: Consequence of the preceding theorém.
Corolary 2.7.4 Every non-trivial set of sentences of the languagéphas a model.
Theorem 2.7.12 (Completeness) Ea =T+«

Theorem 2.7.13 (lowenheim-Skolem) If T has an infinite model, then it has an infi-
nite denumerable model.

Other results can also be obtained, so that it is possible to construct a paraconsistent
model theory. For instance, E. A. Alves has developed such a theory for a variant of
the calculugC; to which he introduced an additional axiom, namelye < « (see
[10]). (Recall thatr — ——a is not atheorem af’1; see Theorem 2.1.3.) The preceding
results can also be adapted in order to be applied to the célguli< n < w, as well
as to the calculi with descriptio®,, 1 < n < w.

2.8 Syllogism and paraconsistency

Similarly to the case of traditional syllogistic, which was interpreted within classical
monadic predicate calculus, it is possible to develop a paraconsistent syllogistic. It
is based, for instance, on the monadic calculus corresponding to the paraconsistent
predicate logicCy. In order to do that, it stices to translate the propositioAsl, E
andOinto C}. The translations (based on the classical case) are as follows:

Aab ¥x(a(x) — b(x))
lab Ax(a(x) A b(x))
Eab yx(@a(x) — =b(x))
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Oab Ax(a(x) A =b(x))

Two remarks are in order here. (1) The valid positive deductiog jithe classical
predicate calculus, are also valid@j; that is, when no explicit negation is involved,
the positive deductions @f; andC; are the same. (2) 187, one can find paraconsis-
tent predicates, for which there are objects that satisfy these predicates and, at the same
time, do not satisfy them. In other words, for some predigatae following holds:

AX(p(X) A =p(X))-

Thus, based on arguments similar to the ones found in the classical case, it is pos-
sible to verify the validity of inferences, and one changes accordingly the theories of
opposition, conversion, immediate inferences and syllogism. (Each predicate in the
universe of discourse has three parts: of the elements that satisfy it, of those that do
not satisfy it, and of those that simultaneously satisfy it and do not satisfy it. Simple
graphics supply then evidence for the validity, or for the invalidity, of certain inferences
and conversions.)

Based on this approach, one can prove the following result. In the paraconsistent
logic C?, all modes of the first and of the third figures of the syllogism are valid; none
of the second is valid; and of the fourth, just Bramantip and Dimaris modes are valid.
It is worth mentioning that sinc€} has a strong negation, of a classical trend, and if
such negation is adopted in the interpretation of syllogistic reasoning, then the classical
theory is obtained. As is known, tukasiewicz has axiomatized the theory of categor-
ical syllogism, based on the classical propositional calculus and admitting as specific
axioms certain categorical propositions, as well as some appropriate definitions. Based
on the paraconsistent propositional calculus, for instance the caleulitss also pos-
sible to formulate an axiomatics for paraconsistent syllogistic, articulated in parallel
lines to the theory just outlined. Moreover, we should note that there are further ex-
tensions or modifications of the Aristotelian syllogistic that also admit paraconsistent
versions, such as Hamilton’s, De Morgan’s and Gergone'’s.

2.8.1 Aristotle’s syllogistic and paraconsistency

A surprising result can be sketched as follows. The theory of syllogism can be devel-
oped in an appropriate language so that the only formulas turn out to be expressions
corresponding to the categorical propositions A, E, | and O. We can then interpret
the valid syllogisms (given by the four figures of Aristotelian syllogistic) as provid-
ing inference rules, and adopt the Aristotelian definition of contradictory propositions
to mean contradictory formulas of our language. Thus, it is easy to see that, based
on such a language, we can define contradictory theories (that is, those which involve
contradictory formulas in the above sense), which are non-trivial (in the sense that not
all formulas are theorems). This means that, with a suitable interpretation, Aristotle’s
syllogistic can be seen as a paraconsistent logic, since from two contradictory pre-
misses we cannot deduce any proposition whatsoever. Analogously, Aristotle’s modal
syllogistic constitutes also a paraconsistent modal logic.
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3 Paraconsistent set theory

Cantor’s naive set theory was based mainly on two fundamental principles: the postu-
late of extensionality (if the setsandy have the same elements, then they are equal),
and the postulate of comprehension or separation (every property determines a set,
composed of the objects that have this property). The latter postulate, in the standard
(first-order) language of set theory, becomes the following formula (or schema of for-
mulas):

AYWX(X € y & F(X)). @)

Now, it is enough to replaces the formu#dx) in (7) by x ¢ x to derive Russell's
paradox. That is, the principle of comprehension (7) entails an inconsistency. Thus,
if one adds (7) to first-order logic, conceived as the logic of a set-theoretic language,
a trivial theory is obtained. There are also other paradoxes, such as those of Curry
and Moh Schaw-Kwei, that indicate that (7) is trivial or, more precisely, trivializes set
theory if its underlying logic is classical, even ignoring negatidrin other words,
classical positive logic is incompatible with (7); the same holds also for several other
logics, such as the intuitionistic one.

Classical set theories are distinguished by the restrictions they impose on (7), so
that the paradoxes are avoided. In order that the theory thus obtained does not become
too weak, some further axioms, besides extensionality and comprehension (with ap-
propriate restrictions), are added, depending on the particular case. Thus, for instance,
in Zermelo-Fraenkel (ZF), comprehension is formulated in the following way:

YZAWX(X € z & (x € AF(X))), (8)

where the variables are subject to the usual conditions. In ZF, eddetermines

the subset of the elements of the séltat have the propertly (or satisfy the formula
F(x)). In the Kelly-Morse system, on the other hand, comprehension is formulated as
follows:

AWx(x ey & (F(X) A Az(x € 2)). (9)

In Quine’s system NF, in turn, the notion of stratification is employed, and the schema
of comprehension is written like (7), provided thafx) is stratified (and the standard
conditions regarding the variables are met).

However, we can ask whether it is possible to examine the problem froffeaedit
viewpoint: what is needed to maintain the schema()outrestrictions (disregarding
the conditions on the variables)? The answer is immediate: one should change the un-
derlying logic, so that (7) does not inevitably lead to trivialization. The comprehension
schema, without strong restrictions, leads to contradictions. Hence, such a logic has to

10_et us exemplify this fact with Curry’s paradox. In (7), substitute Fgx) the expressiox € x — a,
wherea is an arbitrary formula in whicly does not appear free. Then, by (7), we @g¥x(x e y & (X €
X — «)). In honor of Curry, let us call this sgt c. In this casey¥x(x € ¢ & (x € X — «)). But then
cece (cec— a),hence(i)cec— (cec— a)and (i) ce c - a) - c e c). However, the law
of contraction, ¥ — (y — B)) — (y — p), holds. So, (i) entails (iii)c € ¢ —» «. From (ii) and (iii), we
getc € c. Finally, from this last sentence and from (iii), byodus poneswve obtaine. This shows that (7)
entails triviality even without negation.
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be paraconsistent. It was slowly verified that there are infinitely many ways of weak-
ening the classical restrictions imposed on the comprehension schema, each of them
corresponding to distinct categories of paraconsistent logic. Furthermore, extremely
weak logics have been formulated as the underlying logics of set theories in which (7)
is used without any restrictions (not related to the choice of variables).

An important point is that several paraconsistent set theories contain the classical
one, in Zermelo-Fraenkel’s, Kelly-Morse’s or Quine’s formulations. Hence, paracon-
sistency goes beyond the classical domain, and allows for, among other things, the
reconstruction of traditional mathematics (§&&d, [78], [111], [191]). It is fair to
claim that paraconsistent theories extend the classical ones, just as Poncelet's imagi-
nary geometry comprises standard Euclidean geometry.

Moreover, these considerations suggest féadilty in the foundations of logic.
Classical elementary logic (in fact, it is enough to consider only positive logic) and
the comprehension postulate seem to be both evident. We may even claim that they are
equally evident, or intuitive. However, they are mutually incompatible. This consti-
tutes, thus, an intriguing case of incompatible evidences, which generates, in particular,
a difficulty for classical logic.

Without presenting a detailed philosophical analysis, we just note that classical and
paraconsistent theories developfelient approaches to the handling of inconsisten-
cies. Interestingly, the paraconsistent approach contributes to a better understanding of
the classical position itself (by helping, e.g., to clarify the benefits and limitations the
position has). The paraconsistent approach also provides a clearer understanding of
negation (e.qg., by distinguishingftérent meanings of this notion), and the approach
articulates a more realistic perception of the possibility of discourse even if the princi-
ple of non-contradiction is partially left behind.

3.1 Thesystem&NF,,1l<n<w

Here we begin by describiny# 1.2 The underlying logic ofV7 1 is the calculugy,

that is, we assume the language of this calculus plus the propositional postulates

to -4 (see page 9), the postulates (1)-(VII) for the predicate calculus (see page 20), and
the postulates for equality (I') and (II') (see page 24). The specific postulatesaf

are:

(NF1) (Extensionality) YXVy(YZ(ze X & zey) - X=1Y)

(NF2) (Comprehension)Ayvx(x € y « a(X)), wherex andy are distinct variables;
does not occur free im(x) and this formula is either stratified or is of the fosng x.12

If we add toC7 the schema-(a A —a), we get the classical first-order predicate
calculus with identity. The system NF of Quine is obtained by adding to this calcu-
lus the postulates (NF1) and (NF2) above, provided that the latter postulate meets the
condition thatx(x) be stratified. We denote Quine’s systemA¥ .

11caiero and de Souza have developed a paraconsistent versior\E tigstem in55].

12\e recall that a formula is stratified if it is possible to replace each variable occurring in it by a numeral
in the following manner: we replace everywhere the same variable by the same numeral so that, for each
occurrence o€, the numeral immediately followingis the immediate successor of the numeral immediately
precedings [144, p. 213.
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In order to introduce the set theorigsF,, 1 < n < w, we employ the calculus;,,
1 < n < w, as their underlying logics plus the specific postulates above. Several results
can now be established:

Theorem 3.1.1 N¥,,, 1 < n < w, containsNF .

Proof: It follows from the fact that ife is a theorem ofN‘F, and if we replace all
occurrences of: in this formula by—™, obtaininge’, thena’ is provable inNF,
1< n < w, where=q is the formula—a A o™ I

Theorem 3.1.21If NF,, 1 < n < w, is non-trivial, thenNF is consistent.

Proof: Let us suppose tha¥#,, 1 < n < w, is non-trivial and thatV# is inconsis-
tent. Leta;, ..., an be a proof of a contradiction iNF o, whereay, is 8 A =8. Then, if
ay,...,ay are formulas obtained from the as explained in the proof of the previous
theorem, then this last sequence would be a derivatight af-"g" in A7 ,.. Butin
this systemy A —(yy) — ¢ is a valid scheme, and $9%, would be triviall

We can also prove the following results:

Theorem 3.1.3
1. In the hierarchWW¥#,, 1 < n < w, every system is stronger that those that follow it.
2. If NF 1 is non-trivial, then alNF,, 1 < n < w, are also non-trivial.

3. NFn 1<n< w,isinconsistent.

Let us comment on item 3. INF,,, Russell set, that is, the sBt=ge¢f {X : X ¢
x}, does exist (see the next subsection). In other words, in these systems we have:
FIYWx(x ey < x ¢ X). As we will see below, it is easy to prove ttRe RAR ¢ R
So, the system&VF, are inconsistent. The other two items can be proved without
difficulty (se€[78]).

The next step is to show thatNF is consistent, theW¥ 1 is non-trivial. There-
fore, due to item 2 of the previous theorem, the consistendy®f, entails the non-
triviality of N, 1< n< w.

Let us first define a systetw¥; as follows: We keep only the following propo-
sitional postulates (see page 9»; — —3, A1 — Az, V1 — Vg3, and add the fol-
lowing new postulates: -¢;) (Peirce’s Law) (¢ — 8) — @) — «a, and ()

(ma » B) = ((~ra@ - —-B) — ), whereg is not atomic. This new set of postu-
lates provides, of course, an axiomatization for the classical propositional logic. The
remaining postulates oW ¥ are those ofV¥ 1, except for those that turn out to be
redundant. For instance, sine is provable inNF3; whene is not atomic, it results

that postulates (V) and (VI) (see page 20) are provableASo; is weaker thailNF ;.

Lemma 3.1.1 The consistency d¥ 7 entails the non-triviality ofVF ;.

Proof: LetV =4t {X: X = X}, and letf be a map whose domain is the set of formulas
of NF7 and whose range is the set of formulas\tf o, defined as follows:
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1Lf(X=Y) =gt X=y 2.f(X€y) =qger XEY
3.f(XEY) =gef XEY 4f(X¢Y) =get XEVAYEV
5. f(¥YXa) =gef YXT() 6. f(Ixa) =gef AX ()

7.8 (@ AB) =der (@) AT(B)  8.F(aVp) =t f(e) v (B)

9.f(@ = B) =der f(@) - 1(8)
Then, using the preceding results, we can see thaisifa theorem oN ¥, thenf (a)
is a theorem ofNF;. Since the rules of inference &¥F; are valid inN¥F, any
theoremy of NF7] induces a theorerfi(a) of NF,. Therefore, supposing thatF is
consistentN'F; cannot be trivial. For instanc@,e 0 is not a theorem oN¥ 7, since
f(0 € 0) = 0 € 0 is not provable iNNF 1

Theorem 3.1.41f NF is consistent, theWF 1 is non-trivial.

Proof: The consistency oW ¥ implies the non-triviality ofNF 1 because this system
is weaker thanv# 3 1

Theorem 3.1.5If NF is consistent, then all the inconsistent systé¥s,, 1 < n <
w, are non-trivial.

Proof: It suffices to note that the theoridé7 ,, 1 < n < w, are weaker thaw# ;.1

By slightly changing the proof of Theorem 3.1.4, we can prove the following result:
if N¥Fo is consistent, then the system obtained frdfff,, 1 < n < w, by adding
axioms guaranteeing the existence of the sets of allkacineular setsk = 1,2,...)
is non-trivial. For example, the set of all non-3-circular sets is the following{set:
—Ay1 Ay Ays(X €Y1 AY1 EY2 A Y2 €Y3 A Y3 € X))

NF , is like NF 1, except that its underlying logic & instead ofC7.

NF , is weaker tharNF 1, so if NF is consistent, it is non-trivial.

3.2 Zermelo-Fraenkel like systems

Starting with the Zermelo-Fraenkel system, we can introduce a new hierarchy of para-
consistent set theorieg¥,, 1 < n < w, similar to the hierarchiW¥,,, 1 < n < w.
Instead of ZF, we could have employed any other classical system of set theory, or
type theory, as the first system in the hierarchy (&8kand[84]). Among the several
versions of ZF that can be used, perhaps the best form is Chliéefisvhich admits
the existence of the universal set.

Let us call the latter theorfZ 7. The languagé. of ZF is that ofC7, but with
only one specific (binary) predicate symbel(membership). The syntactic notions of
L are obvious adaptations of those@y. In addition,¢ has its standard meaning, and
the description symbalis introduced by contextual definition, following Russell. In
order to state the postulates@fF o, we need some definitions.

Definition 3.2.1
1 {X: a(X)} =gef tY'X(X € Y & a(X))
2.0=def {X: X ¢ X}
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3.V =qes {X: X=X}

4. XCye Vz(ze x—> zey)

S (X} =der {y 1y = X}

6. P(X) =der {y : Y € X}

7. X =qget {y 1y & X}

8. A{x: a(X)} & YWX(Xx ey < a(X))

We easily define other basic notions suchxasy, x Ny, {X,y}, (X, y), UX, NX,
relation, function, etc.

Definition 3.2.2
1.trangX) & Vy(y e x » yC X) (transitive set)
2.connX) & YWzlye xze x —> (z=yvyezvzey)) (connected set)
B.wf(X) & (X0 - Jylye xAxNny=0)) (well-founded set)
4. ord(x) & trangx) A conn(x) Awf(x) (xis an ordinal)
5. low(x) & wf(X)A X is equipotent ty (xis a low set)
The postulates oaZ o are those o€, plus the following:
(P1) Vz(ze x> zey) » x=Yy (Extensionality)
(P2) Iz:z=xvz=y} (PairSet)
(P3) Iz:3Iy(ye xAzey} (Union Set)
(P4) 3N x (Intersection Set)
(P5) 3A{x: xis afinite ordinal (Infinity)
(P6) Any formulation of the Axiom of Choice.
(P7) low(2) -» Ix{x: a(X) Axez (Comprehension)

(P8) VxYWz((a(X,¥) A a(X,2) = X=Y) A (a(XY) Aa(zy) > X=2)AVYy(yet —
Axa(x,y)) — (low(t) - IWx(x e v Ay(a(x,y) Ayet))) (Replacement)

(P9) low(x) » A{y:yc x} (Power Set)
(P10) Aly:y¢ x} (Complement)

ZF o is really a strong set theory; the well-founded sets constitute a ‘model’ of
usual Zermelo-Fraenkel set theory. Moreover, the universal set does eXi%tgn

FA{X: X=X},

that is, the se¥’ such that ¥x(x € V) and, in particular V € V. The collection of
all sets, plu®, vV, c, U, n and form a complete Boolean algebra.
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Theorem 3.2.1In ZF:

a)F XUX ="V b)Fr XNX =0 C)F X=X drvV=0
erNV=0 HNrUYV =Y QOrN0=V hyr J0=0
) F-wf(V) j) + —low(V) Kro=V

) xcy—->ycX m) + wf({V}) n) + wf(0) 0) + low(0)

p) + f is a functionA low(don(f)) — low(rangg(f)), wheredom(f) andranggf)
stand for the domain and the rangefafespectively.

Let us calla™' the formula obtained from the formutaby restricting its variables
by the conditionw f( ). Then we have the following result, whose proof is immediate:

Theorem 3.2.21f a is a closed theorem of the standard ZF, théfl is a theorem of
ZFo.

As Church notes, it would be interesting to investigate the extensi@ifaf with
the introduction of new postulates; for example, similar to the postulates of Quine’s NF
[64]. A system of this type has already been studiel¥8}.

Let us describe the syste@if 1. This system is related tg% o asCj is related to
C;- (Recall that the latter is the standard first-order predicate calculus with identity.)
So, we should have, among other things, thatZ#); should be partially included in
ZF o, though the latter is also to be contained, in a certain sense, in the form@&7(b)
should be consistent, but can be used as the basis for inconsistent but non-trivial the-
ories. In particular, inZ¥ 1, we should be able to define ‘inconsistent’ set-theoretical
structures, such as Russell set and Russell relations (see below), and other more com-
plex structures (e.g. inconsistent arithmetics, and ‘inconsistent’ groups, among others).

ZF 1 is constructed as follows: its language, calledand the logical postu-
lates are those of]. The basic set-theoretical concepts are analogous to those of
ZFo, although the concepts involving negation give raise to two notions: one involv-
ing the weak negation), the other involving the strong negation*). In general,
the symbols for those negations willfidir only by the fact that the strong versions
are starred. For instance, we have two empty sBtssq; {X : =(X = X)}, and
0* =gef {X: ~*(X = X)}.

Each specific axiom or axiom schemeZf o yields two corresponding axioms,
or axiom schemas, df'# ;: one with the strong negation and another with the weak
one. (We suppose that negation does occur essentially; otherwise, the postidi#tg of
yields only one ofZ# 1, having the same syntactic form.)

It is important to note that, for exampl/# 1 is inconsistent, whileZ¥; is appar-
ently consistent, but non-trivial. However, it can be used as the basis for inconsistent
but non-trivial theories.

The following results can be proved withoutittulty. We emphasize, once again,
thatZ¥, is part of ZF o; but ZF is also contained, in certain sensedif ;.

Theorem 3.2.3



Paraconsistent Logics 45

1. Leta be a sentence df anda* the sentence obtained framby replacing- by
—-*. Thena is a theorem ofZ ¥ iff o* is a theorem ofZF 1.

2. Z¥ 1 is consistent (with regard te or =*) iff ZF o is consistent.

3. If wis aclosed theorem &I F o, thenVxvy((X € ¥)° A (X = y)°) — ais atheorem
of ZF 1.

In the next subsection, we will show ha@¥#; can be used as a paraconsistent
basis for inconsistent but non-trivial theories (and, loosely speaking, for inconsistent
mathematics).

As a final remark, note that in the set theories described above, we can construct
semantics foC-logics, where the syntactic metalinguistic level can be considered as
classical (in the sense that all the syntactic propositions are well-behavé 16efr
further references).

3.3 Russell sets and relations

By adapting the standard notion of a mathematical stru¢tileit is possible to define

the concept of a paraconsistent structi@@. However, instead of developing here a
general theory of paraconsistent structures, we will consider some particular cases, and
show how a certain kind of paraconsistent mathematics can be developed.

Definition 3.3.1 (Russell set)R =gef {X: X & X}
The first structure to be studied is
R =(V,R), (20)

characterized by the axiom
AR A VXIP(X), (11)

whereV is the domain (the universal set)®Bf andRis its sole predicate?(x) denotes
the power set ok.

We emphasize that the following constructions are dong;. Thus, we can
make free use of the valid schemas and ruleS;of

Theorem 3.3.1+ Re RAR¢R

Proof: Given the definition oR, x € R «& X ¢ x. Hence, replacing for R, we get
Re R o R¢ R However, ifR € R, it follows thatR ¢ R, and ifR ¢ R, we obtain
R ¢ R. Therefore, by excluded middi&® ¢ R. Similarly, we prove thaR € R by
assuming thaR¢ R. 1

Theorem 3.3.2rye {X} & y=X

Proof: In ZF 1, we have that3{x}. Thereforef y € {x} & y = X, by the definition of
(.1
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Theorem 3.3.3r xe R—> {x} e R

Proof: Either{x} ¢ {x} or {x} € {x}. In the first case{X} € R, by the definition oR. In
the second cas@x} = x, and given the hypothesifss} € Rl

Theorem 3.3.4+ x,ye R— {X,y} € R

Proof: Either {x,y} ¢ {X,y} or {x,y} € {XVy}. In the first case{x,y} € R, by the
definition of R. In the second case, eithex,y} = x or {x,y} = y, and given the
hypothesis{x,y} € RI

Theorem 3.3.5+ {{X,R}} € R

Proof: Either{{x, R}} € {{x,R}} or {{x, R}} ¢ {{x, R}}. Inthe second case, itisimmediate
that{{x, R}} € R. In the first case, by Theorem 3.3.2, it follows th&atR} = {{x, R}}.
Thereforex = R = {x, R}, and given thaR € R, by Theorem 3.3.4{x, R} € R. Thus,
by Theorem 3.3.3({x,R}} € Rl

Theorem 3.3.6 (Arruda and Batens, 1982) JR= V.

Proof: It suffices to prove that, for eveny, x € |JR. Let us suppose that (fx, R} ¢
{x,R}. Hence,{x,R} € R and, by the definition of the union set,e |JR. On the
other hand, if (i){x, R} € {x, R}, then either{x, R} = x or {x,R} = R. In the second
case, it follows thak € | JR. If {x, R} = x, we have that{x, R}} = {x}, and given that
{{x,R}} € R(Theorem 3.3.5), it follows thdi} € R. Hencex € | JRI

This last theorem shows that a set theory with Russell set has, in general, a universal
class.

Theorem 3.3.7 (Arruda) ... c P(P(R) c P(R) c R

Proof: If x € P(R), thenx c R. Now, eitherx ¢ xor x € x. If x ¢ x, thenx € R; if

X € X, given thatx c R, it follows thatx € R. Therefore ?(R) c R. Furthermore, if
x € P(P(R), thenx c P(R), and by the previous result,c R; hencex € P(R). Thus,
PP(R) c P(R) c R Itis now easy to complete the prdbf.

Theorem 3.3.8In Z%; plus the axiom (11):
1L+r0eR{0}eR{{0}} eR...

2.+ IX(x ¢ R) 3.+rV¢R

4. +xyeR—- (XY €eR 5V =PV)
6.FrxcR—> xeR 7.FRUR=UR
8.rRXxRCR 9.+ =*3A{X: =*(X € X)}

10+ IR — Ax(xis infinite)
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Given Theorem 3.3.5, it is possible to demonstrate fhiaf as it were, an ‘internal
model’ of the set theory in which we are working. Moreover, given th& = vV,
it follows that the existence d® implies the existence of infinite sets. The properties
of R are by no means arbitrary. For example, it does not seem possible to prove that
(R e R)°. Moreover, it is not possible to prove everything with regar&teithout also
proving, at the same time, that some classical, standard set theories are inconsistent
(see[69] and[78]). Finally, Z# 1 with the extra axiondR is non-trivial if ZF g is
consistent.
3.3.1 Russell relations

Definition 3.3.2 (Russell relations)Letn = 1,2,...,and0 < i < n. Then:

Rni =def {{X1, ..., %) 1 (X1, ..., %) & Xi}.
By convention, we havéx) = x.

In particular,R;; = R. With R,;, assuming appropriate postulates, we can build
structures similar t&t above. We can also prove the following results:

Theorem 3.3.9
1.r Ryj € Ry AR € Raj

2.+ Vx---xV=[JRyj, where the product on the left hagerms. In particular,
FVYXxVcuu Rz,]_

Theorem 3.3.10
1.k VI(0,t) € Ry1)
2.+UU Rg,]_ =V

Proof: With regard to 1, by hypothesisiR,;. Then,(0,t) € Ry; < (0,t) ¢ 0.
With regard to 2, sincé{0},{0,t}} = (0,t) € Ry, it follows that{0,t} € UR,; and
tevu Rz,]_.l

Given the consistency oV ¥ (see the previous subsection), if we addN G,
1 < n < w, new postulates guaranteeing the existence of Russell relations, the resulting
system is non-trivial.

3.4 Paraconsistent Boolean algebra

In various paraconsistent set theories, even in classical set theories such as Zermelo-
Fraenkel, it is possible to consider intuitively a set as an ordered pair, in the classical
sense, of sets that are part of a universal cks$hus, a seX is a pair(Xy, Xz), where:

(1) xe Xiff xe Xg
(2) x ¢ Xiff xe Xy
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(3) x e Xandx ¢ X is equivalent tox € X; andx € X,

Given that the principle of excluded middle holds in certain paraconsistent set the-
ories, it should be the case th&tu X, = V. If Xy n X, = 0, a classical set is obtained.
Let us consider then the collection of the sets just constructe@ owhich will be
denoted byB. An element of8 is called a paraconsistent set, opget. In what fol-
lows, we outline an algebra gksets8. We suppose that the-sets are embedded in a
classical set theory, for instance, ZF.

Suppose thaX = (Xg, Xz) andY = (Y1, Y2). In this case:

Definition 3.4.1
(1) XUY =gef (X1 U Y1, X2 N Y2)
(i) XY =ger (X1 N Y1, X2 U Y2)
(iii) 1 =ger (V. 0)
(iv) 0 =ger (0,V)
(V) X =qer (X2, X1)
(Vi) XCY =gt X1 C Y1 AY2C Xy

Theorem 3.4.1

I

FXUX=X FXM X=X FX=X
FXUY=YuX FXMY=YnX 1=0
FXUY)uzZ=Xu(Yuz) r(XnY)nzZ=Xn(Ynz) r0=1
FluX=1 FIn X=X FOMX=0
FOUX=X FXUXcl FOC XX
FXCX FOC X FXC1
FXCYAYCX->X=Y +rXCYAYCZ—->XCZ

FXEXUX FXnXE X

Definition 3.4.2 The structurep = (8, u,n,—, 1,0) is called aparaconsistent Boolean
algebra.

Using this structure, it is possible to formalize several paraconsistent patterns of
reasoning, just as with classical Boolean algebras, we can put in algebraic terms various
classical inferences. We can also verify that the paraconsistent logical mechanism
considered here does not exclude classical logic, but extends it in a certain sense —
though under another point of view, it can be embedded into classical logical structures.
Of course, this point is valid for particular categories of paraconsistent structures. It
corroborates the fact that both paraconsistent logic and paraconsistent mathematics do
not destroy either traditional logic or standard mathematics. Rather, the paraconsistent
approach complements the classical developments of logic and mathematics, and in
certain cases, extends them.

The structure of the paraconsistent Boolean algebra clearly is richer than the clas-
sical one. Thus, for instance, one can introduce two operatprandr,, such that,
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given ap-setX, m1(X) = X3 andnr(X) = Xp, whereX; andX, are in another Boolean
algebra, the classical algebra of the subset¥ efc.

When the structur&, in the above definition, is such that, for evety= (Xq, Xz),
it is the case thaX; N X, = 0, one obtains a Boolean algebra that essentially is the
usual algebra of the subsetsBf

In this way, it is possible to construct a general theory of paraconsistent structures
(algebraic, topological, of order etc.), obtaining in this way a generalization of the
traditional theory of structures, such as Bourbaki's. Moreover, as we will see below,
paraconsistent structures, such as those described in this section, have been applied to
several areas, such as computer science, artificial intelligence and logic programming
(see, e.g.[231], [38], [39], and[156]). ** This provides a significant motivation for
their study.

3.5 Paraconsistent mathematics

In this subsection, we outline a paraconsistent formulation of elementéieyatitial
and integral calculus, in which what we will call I'Hospital principle is true:

‘Two finite quantities that dfer by an infinitely small quantity are equal.’
14

The paraconsistent nature of this principle is clear, even though we are not trying to
advance an exegesis of I'Hospital's work (§a&5 and[219). To begin with, we
describe two (classical) algebraic structusgand A*.

The ring A The ringA is described as follows. L& denote the field of real numbers
anda an element of a fixed open interMa{l c R). An infinitesimal variables a real
valued function defined ohnthat has limit zero ira (we can use right or left limits). The
expression ‘infinitesimal variable’ is here employed inspired by the terminology of the
classical French treatises, such as those by Picard and Gousart, as well as by Cauchy.
The elements ofA are ordered pairgr, f), wherer € R and f is an infinitesimal
variable.

If {r, f) and(s, g) belong toA, then(r, f) = (s, g) if r = sand f = g. Addition is
defined as follows{r, ) + (S, Q) =q¢ef (r + S, f + g). By an abuse of language, we take
0 = (0, 0), where the second zero {f, 0) is the identically zero function ih. We also
take—(r, f) =ger (=1, =), and(r, f) — (S, @) =qet (r, F) + (—(S @) =(r —s f - Q).

The following additional definitions are need€d.: f)- (s, g) =ger (IS, rg+ fs+ fg)
and 1=¢4¢ (1,0). Furthermore, i # 0, we put(r, f)* =4 (r=1, —f/r(f +r)) and
(s.9) = (r, f) =qer (@) - (r, F)™.

The elements oA with the operation+ constitute a commutative group, and with
X, @ commutative semi-group with unity. Moreover, multiplication is distributive in
relation to addition. ThereforeA is a commutative ring with unity. The elementsf

131t is worth noting that paraconsistent structures have also been employed in quantum mechanics by Dalla
Chiara and Giuntini (seg 18, [119], and[120)).

14In this context, it is worth also giving a quotation attributed to Johann Bernoulli (1667-1748), according
to which ‘a quantity that is increased or decreased by an infinitely small quantity is neither increased nor
decreased'.
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are callechyper-reals If we identify (r, 0) with r, then the fieldR is contained inA as
a sub-ring. We writér, f) asr + (0, f). A pair such ag0, f) is called arinfinitesimal
and will be usually denoted by small Greek letters. Any elemer@iofr, ), then, is
the sum of a standard real and an infinitesindalf) = r + &, wheree = (0, f).

Division can be extended to infinitesimals. In fact, let us supposextkato, f),
A =(0,g), and limf/g = r in A. Also, letk/1 = (r, f/g —r), where the variablg is
supposed not to assume the value 0. Therefore, médiking /g —r, itis easy to check
that the infinitesimat = (0, h) is such thak = 1 - &. When limf/g = oo, or does not
exist, the quotient/A is not defined.

We introduce inA a relation of inequalityg, so that(r, f) < (s,g)if r < s, orin
caser = s, if f < g (the variablef is less than the variabigin all points ofl).

The set of all hyper-reals of the fortn f) is calledthe monadfr € R. Theorder
of an infinitesimale in relation to another infinitesimal is defined without dficulty.
Given a functionf : R — R, it can be extended so thdbn(f) = A, under the
hypothesis that lim,; f(X) exists and is finite for anyye R. We takef(r + €) = b+,
whereb = limy_,; f(X) andé is an infinitesimal obviously defined.

The basic concepts of theftiirential calculus can then be defined in terms of in-
finitesimals. For example, the expression:

leinr f(x)=Db

means thaf (r + &) = b+ 6, for every infinitesimak (¢ is also an infinitesimal), where
r € R. Similarly, the derivative of is defined as follows:

fr+e)—f()=f(r)-e+6

for any infinitesimak, § being an infinitesimal of order higher than thatofThe prop-
erties of limits, derivatives etc. are easily proved from the properties of infinitesimals.

The quasi-ring A* The quasi-ringA* is obtained fromA by the introduction of
infinite ‘numbers’. Aninfinite variableis a standard real-variable function, defined in
I, and divergent a € |.

The pair(v, 0) is called an infinitényper-realnumber wherv is an infinite variable.
The (finite) elements aft and the infinite numbers forf*. Two infinite numbers
(v,0y and(u, 0y are equal ifv = u. The operations ofA* are defined as itA, but
extended as follows:

Addition

1. If (v, 0) is infinite and(k, f) is finite, then{v, 0) + (k, f) = (k, f) + (v,0) =
(v+k 0).

2. If {v,0) and(u, 0y are both infinite, therqv,0) + (u,0) = (u,0) + (v,0) =
(v+u, 0y, whenever limy+ u) = oo; (v, 0) +(u, 0) = (u, 0y + (v, 0) = (k, f) when
lim(v + u) = k (standard real), wheré = k — (u + v). Otherwise(v, 0) + (u, 0)
and(u, 0) + (v, 0y are not defined.

Subtraction By definition, the opposite of an infinite, 0) is (—v,0). Then, the
difference of two elements gi* is defined as the sum of the first with the opposite
of the second.
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Multiplication

1. If (v, 0y and(u, O are infinite, ther(v, 0) - <u, 0) = (u, 0) - v, 0) = (uv, 0).

2. If (v, 0y is infinite and(k, f) is finite, but not an infinitesimal, the¢v, 0) -
(k, f) =<k, ) -(v,0) = (vk 0)

3. If (v, 0y is infinite and(0, f) is an infinitesimal, theryv, 0) - (0, f) = (0O, f) -
(v, 0y = (vf,0), when lim{/f) = oo; if lim(vf) = 0, the product is equal to
(0, vf). Otherwise, the product is not defined.

Division Let (v, 0) be an infinite number satisfying obvious conditiong;0)* is
the infinitesimak0, v1). If (0, f) is an infinitesimal satisfying appropriate condi-
tions, therX0, f)~1 is the infinite(f~1,0). The quotient of two elements ofi* is
the product of the first by the inverse of the second.

The relation< can be extended t@* without difficulty. (However,A andA* are
not Archimedean structures.) In terms of infinitesimals and infinities, we can express
in A* the basic ideas and results of the infinitesimal calculus (for analogous views,
see[226], [16d, and[169). In particular, we can get something like de I'Hospital’s
principle on curves, according to which a smooth curve may be analyzed into an infinite
number of infinitesimal straight line§1(79, and[219).

The classical theory of infinitesimals and infinite quantities, as well as Du Bois
Reymond’s theory of orders of magnitude concerning the asymptotic behavior of func-
tions (sed47, Note 1), are translatable in the languagedf. The same is true in
connection with other topics of pure and applied mathematics, such as, the theory of
differential equations and Fourier series. Loosely spealdiigs a model of a theory
with infinitesimals and infinite quantities. It is also worth noting that natural supposi-
tions about the orders of infinitesimals and infinities give raise to propositions that are
undecidable in Zermelo-Fraenkel set theory (dea7]).

To describe a paraconsistent model for thedéential and integral calculus, we
start with the languagk in which we can treat the central notions of this calculugs
essentially Manin’s bReal[178, p. 109, conveniently extended by the introduction of
names, in the sense of Shoenfield (&28), for all elements ofA (or of A* ). So,L
is composed of the following primitive symbols: (1) individual variables; (2) variables
for functions of one variable; (3) individual constants: the names of the elements of
A (or of A* ); (4) the symbols+ andx for binary operations; (5) two binary relation
symbols:= and<; (6) the connectives—, A, Vv, « and—; and (7) the quantifiersy
andd; (8) parentheses.

Terms of L: (a) All individual variables, individual constants, and function variables
are terms. (b) IF is a function variable antlis a term, ther(t) is a term. (c) Ift; and
t, are terms, so arig + t, andt; X to.

Formulas of L: If t; andt, are terms, thety = t, andt; < t, are atomic formulas.

The remaining formulas are defined as usual, but quantification over function variables
is allowed. The common syntactic notions such as those of bound and free variables,
sentence etc. are defined in the usual way.

The following clauses define wheris a paraconsistent valuation lof
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1. Names denote the corresponding elementd ¢br of A* ).

2. Lett; < t; be an atomic sentence. In this caggy, < tp) = 1if t; <ty istruein
A (or in A* ). Otherwisey(t; < tp) = 0.

3.v(ty = 1) = 1iff t; — t, is infinitesimal with respect te (¢ is an infinitesimal).

4. Lett; = t, be an atomic sentence. In this cas@, = t;) = v(=(ty = tp)) = 1 if
ty # tp in A (or in A* ); otherwisey(t; # t;) = 0.

5. Similarly, we define the value offor any sentence df, replacing= andz in
the sentence by convenient symbolic combinations, respectively as in 3 and 4.

If a sentencd- is undecidable in the usual set theory plus the axiom# ¢br of
A* ), the value ofF is chosen arbitrarily, in such a way thate the characteristic
function of a maximal non-trivial set of sentences. Therefoiig,really a valuation in
L.

Itis immediate to verify that we may have, for some tetpendt,, thatv(t; = t,) =
v(ty # tp) = 1. In fact,v constitutes a paraconsistent valuation and determinesdz|
of the infinitesimal calculus in which de I'Hospital’s principle about finite quantities
that ditfer by an infinitely small increment holds. Moreover, in the caseAof the
model is such that even de I'Hospital’'s second principle, on smooth curves, happens to
be valid (when conveniently interpreted).

The method sketched here to obtais analogous to those of Chris Mortensen (see
[191]), and of synthetic dferential geometry (seltl] and[42]). For the treatment
of functions of several variables, we have to strengthenith the introduction of
functional variables (s€@29).

In summary, we may say thatis a paraconsistent structure, which we will call
thede I'Hospital structure On the paraconsistent version of the infinitesimal calculus
outlined here, see al§a1d. Further developments could start with the paradoxes of
Burali-Forti and of Cantor, which naturally motivate the definition of interesting para-
consistent structures. The development of paraconsistent arithmetics, inffara, o
difficulty at all.

4 Jaskowski's Logic

4.1 Jaskowski's Discussive Logic

As noted above, following a suggestion by J. Lukasiewicz, Stanislakodaski (1906-

1965) was the first logician to construct a system of paraconsistent propositional cal-
culus (sed149, [15d, [151], and[89]). Jakowski motivated hisliscussivdogic
(sometimes also referred todiscursivdogic) by the need for addressing three issues:

(i) to systematize theories that contain contradictions, such as dialectics; (ii) to study
theories where there are contradictions originated by vagueness, and (iii) to investigate
empirical theories whose postulates or basic assumptions are contradictof¢Ssee
and[16]).
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Later, da Costa and Dubikajtis extended the discussive propositional calculus to
first- and higher-order predicate calculi (48€] and[91]; see alsd16d, [161], and
[162). Recently, discussive logic has been applied to the theory of pragmatic truth (as
we will discuss below), to the foundations of physics (k&9 and also below), and
in the philosophy of science (for a general account,[8&@B. In this section, we will
sketch the main ideas related t&KRawski's discussive logic.

Let us callg the discussive propositional calculus whose langu@ged notations
are those one the modal system S5. We pa$e=q {0a : @ € T}. S0,J can be
semantically defined as

[Eg aiff T Ess 0a,

where the notation has an obvious meaning. It is immediate that
Theorem 4.1.1

(VD Eg aiff Essoa

(2)T g aiffthere areyy, ..., ynin I such that=ss ¢y1 A ... A Oyn —= O

Corolary 4.1.1 T 4 aiffthereis afinite seftys, ..., yn} € T'suchthafys,...,yn} Egs
.

Corolary 4.1.2 If g5 @, thenkEg a.

Proof: Itis enough to note that lss a, thenE gy ¢l

Given the definitions and results above, we can segftatcomplishes &xowski's
main intensions.

g has several axiomatizations (46&] and[91]); the one presented here was in-
troduced in89]. The postulates are:

(J1) If @ is an axiom of S5, thena.
(J2)oa,o(e — B)/ OB
(J3)oa/a
J4) oa/a
(J5)oa/ ooa
Lemma4.1.1 If -4 @ means that is provable in7, then: ifr 4 @, thenkss .
Proof: By induction on the length of a given derivation®fn 71
Lemma 4.1.2 If g5 @, thenr4 Oea.
Proof: By induction on the length of a given derivation®fn S5l

Theorem 4.1.2+4 a iff Eq .



54 Jakowski’s Discussive Logic

Proof: If 4 @, then by Lemma 4.1.%s5 ¢a. So, by definition}=4 a. Conversely,
if Eg a, then by definitior=ss ¢a. So, by Lemma 4.1.2,4 o¢e. By postulate (J3),
kg O, and by postulate (4} a1

Definition 4.1.1 We writel” -4 « iff there arey, ..., yn such that 4 ¢y1A...AQyn —
oa.

Theorem 4.13T +4 ¢ iff T Eg .
Proof: Immediate consequence of the definition above and Theoreml4.1.2.
Theorem 4.1.4 Modus Ponens, that is, the rubea — B/ 8, is not valid inJ .

Proof: The uniform predicate calculug/{ is a subcalculus of the monadic calculus; it

is, the first-order predicate calculus dealing only with unary predicates in which there
is only one individual variable, say(see[63]). There is an obvious bijection between
the set of formulas olf and the language of S5: given a formulaf U, we obtain the
corresponding formula’ of the language of S5 by replacing any subformigig) of

a by pi, and any universal quantificatiofx by o. We can show that i& is a formula

of U andc’ is its corresponding formula in S5, then, « iff Ess o (see[89]). To
prove the theorem, it is enough to note tHaty(x) and3Ix(a(X) — B(X)) do not imply
thataxs(x) in ¢ 1

Theorem 4.1.5(a) The rulesa, 3/ a A 8 and a, —a/ 8 are not valid ing. (b) The
deduction theorem, @ +4 B = T +4 @ — Bis nottrue ing.

These results show thgkt can be used to accommodate inconsistent sets of pre-
misses while avoiding triviality, that is, it is paraconsistent.
Definition 4.1.2

(1) [Discussive Implication]a —¢ B8 =gef ¢ — B

(2) [Discussive Conjunction]a Agq 8 =get 0 A B

(3) [Discussive Equivalencer «<>¢ 8 =gef (@ =4 B8) Ad (B =4 @)

(4) [Impossibility] Va =gef 0

Theorem 4.1.6 The connectivessq, V, Ag, <4 and 4 have all the classic properties
of -, v, A, & and - respectively.

This shows that the classical propositional calculus is naturally embeddgd in
However, as the next theorem shows, several rules and formulas do not hold in this
calculus.

Theorem 4.1.7 The following formulas and rules are not valid if.

D a—-dB—oaanp)
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(2) @ =4 (@ =4 B)
) [@AB—=d7y) =d (@ =4 (B—d7))
@T,eEgyBandla gy B8=>T Fg -
(5) (@ ©d ~a) =4 B
(6) (@ =d ~@) =4 B

Theorem 4.1.8 (1) J is decidable.

(2) g has no finite characteristic matrix, but has the finite model property.

Proof: With regard to (1), the decidability gf follows from S5’'s decidability. In fact,

if @ is a formula ofJ, use Definition 4.1.2 to obtain a formybeof S5 by eliminating

the discussive connectives. Now, sirges a theorem ofy iff ¢ is a theorem of S5,
use a decision procedure for S5 to verify whetfyeiis a theorem of S5. With regard

to (2), it follows from the fact that S5 has the finite model property, even though it has
no finite characteristic matrix (for details, sge]) 1

J has (at least) two equivalent semantics. One based on Kripke structures, the other
based on the notion of Hanle algebra. A Hanle algebra is a strugfusg A, —, A, %),
where (A, —, A) is a Boolean algebra ansl is an unary operator ovek such that:
*x1 =1 andxx = 0, for all x # 0, where 0 and 1 are, respectively, the first and the
last elements of the Boolean algebra. We can prove that the following sentences are
equivalent (where is a formula of S5): (ix is a theorem of S5; (iiy is valid in every
Hanle algebra, and (iiiy is valid in every finite Hanle algebra (sf89]). From these
statements, it is easy to derive a semanticsforNevertheless, in what follows, we
will make reference only to the semantics based on Kripke structures.

A Kripke semantics forJ can be constructed by the same steps we take to build a
model theory for S5, and the corresponding results can be proved.

Definition 4.1.3 LetT be a set of formulas of the language®f Then:
(1)F =def {a T Fg oz}
(2) If T is the set of all formulas, thehis trivial; otherwise, it isnon-trivial

(3) If there is a formulax such thatl” -4 « andI” +4 —a, thenI is inconsistent
otherwise, it isconsistent

(4) If there is a formulae such thatl’ +4 @ andI" +4 Ve, thenI is strongly
inconsistent

Theorem 4.1.9 There are inconsistent, but non-trivial sets of formulas.

Proof: If pis a propositional variable, the€ip, —p} is inconsistent, but non-trividl.
A Kripke structure is an ordered pait = (W v), whereW is a non-empty set
whose elements are callegrlds andv is a mappings : W x P — {0, 1}, whereP is



56 Jakowski’s Discussive Logic

the set of propositional variables of the languagefofAs usual, ifu(w, p) = 1(= 0),
we say thap is true (false in the worldw.

For brevity’s sake, let us take, —, ando as the primitive connectives of our lan-
guage. lfe is a formula, then we say th&t w force @, and writeK, w I+ a, according
to the following recursive definition:

() Kwir piffu(w,p)=1

(i) KwirgvyiffKwir BorK,wi y
(i) K,wir =B iff K,w e B

(iv) K,w - Og iff for everyt e W, K, t - 8

Definition 4.1.4 If K is a Kripke structure, thel is a modelof T if for everyy there
is a worldw € W such thatk, w I y.

Theorem 4.1.10
(1) T has a modelffit is non-trivial.
(2) There are inconsistent sets of formulas that have models.

Proof: Immediate application of Kripke semantics fgi

These results reinforce th&t is a paraconsistent logic.

We can define first-order discussive calculi with necessary identity as follows (these
calculi can also be extended to higher-order systems). Let ugj¢athe calculus
whose language is that of the quantificational system=S&(Hughes and Creswell
(see[148). We then define:

I'Eq- a iff O Essg- 0.

In particular,=4 « iff Essg- 0. Given these definitions, all the results above can be
applied to ™.
It is possible to present a sound and complete axiomatizatioff fa@s follows:

(JT) If ais an axiom of S5Q, thenOa.
(J2) Rules similar to (J2) to (J5) ¢f (see page 53).
(I3) o(a — B(X).” o(a — YxB(X)), wherex is not free ina.

It is easy to see that iy*, —q, Ad, V4, <4, V, ¥ andd have all the classical
properties of>, A, v, <, =, ¥ and3, respectively. Furthermore, it is notfficult to
justify that: (i) S5@ is contained ing™*; (ii) both * and S5Q@ are not decidable;

(i) both have algebraic semantics in which they are sound and complete; (iv) there are
inconsistent, but non-trivial sets of formulas $f, and finally, (v) a set of formulas

I' is non-trivial iff there is a Kripke structure fQf* that is a model of. As a result,

there are inconsistent sets of formulas that do have models.
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There is another, and equivalent, way of building a first-order discussive calculus.
This is suitable for certain applications, as will become clear below. We will call this
calculug7™ (it is essentially the same gg‘). The language qff ™ is also the same as
that of S5@, except that itv is a formula, we writesa to denote the formula obtained
by precedingr by a sequence of universal quantifiers so that all variablesechre
bound.

To define the calculug™*, we stipulate that

Fgw iff Fs50- oW a.
Furthermore, we say thatis a syntactic consequenceldin 7, that is, -4 «, iff

there areyy, ..., yn € T'such thabw(y,A...Ayy — @) isvalid in S5@. The postulates
of J** are (with the usual restrictions):

(JT*) If a is an instance of a classical tautology, thew « is an axiom.
(2 owe,0W(@—>p)/ 0
(I37) 0w (A(e — B) — (0a — Op))
4" ow (Oa — a)
(J5) oW (0a — O0a)
(J6") oW (Yxa(X) — a(t))
(7)) ova/a
(U8 oWa/0WOa
(@9 owa/a
J10") oW (@ — B(X)/ OV (@ — YXB(X))
(J11*) Vacuous quantification may be introduced in any formula.
J1Z2)ow(x=X)
(J137) nw (x=y - (a(x) = a(y))
Theorem 4.1.111In J**, the connectivessq, Aq, V4, V, <4, Y and3d have all the stan-

dard properties of classical (material) implication, conjunction, disjunction, negation,
(material) equivalence, and of the universal and existential quantifiers, respectively.

Thus, classical first-order logic is containeddjri*. Furthermore, when we restrict
the formulas ofJy** to the stableones only — that is, to those formulassuch that
O(e 4 0a) is true — theny™ reduces, in a certain sense, to classical first-order logic.
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4.2 Application to the foundational analysis of physical theories

A physical theoryT can be characterized roughly as follows. We start with a language
L by means of which we express the postulate§.of hese postulates, or axioms, can
be divided up into three kinds: the logical axioms (say, those of first-order predicate
calculus), the mathematical axioms (say, those of a set theory like Zermelo-Fraenkel),
and the specific, or physical, axioms™f It is clear that this schema is quite general,
and can be suitably adapted to several contexts[@@g In particular, this schema is
useful to an analysis of physical theories when we consider the possibility of inconsis-
tencies. For instance, in certain situations, it may be more adequate to use a calculus
such agy™ instead of standard first-order logic. This is the case we would like to
consider here.

According to Dalla Chiara and Toraldo di Francia ($&&7), the language of a
physical theoryT is interpreted in a set-theoretic structure of the form

ﬂ = <M7 S& <Q07 B Qn>’p>7
where

(1) M is an instance of a mathematical species of structure in the sense of Suppes-
Bourbaki (sed88]).

(2) S is a set of physical situations; that is, a set of physical states assumed by a
physical system in a certain interval of time.

(3) EachQ;, 0 < i < n, denotes an operationally defined quantity whose domain of
definition is some subset &. In generalQp represents time.

(4) p is a function that associates to each term employed to charac&ram in
particular to eaclq);, a set-theoretic entity iv.

When we measure a physical quant@y of a physical system in a statee S
in a certain timet;, we usually consider that its ‘acceptable valuggt;) lie in an
interval [g; — €, g + €] of the real number line. (The lengthdepends on the specific
measurement technique and on the nature of the quantity in question.) In a certain
senseall valuesin the interval are ‘appropriate values’ for the measurement of the
quantity Q; of the physical system in a statee S. For instance, in measuring the
table where we are working just now, we should accept (for all ‘practical purposes’)
any value in the interval.20 + 10~ meters.

Leta(t, gi(t;)) be a formula oL whose only free variables atendt; (which stand
for time). Dalla Chiara and Toraldo di Francia consider the case of partial formulas,
that is, formulas that are not defined for all values of their variables and parameters. But
here we will only discuss ‘total’ formulas. We say tht, g;(t;)) is true with respect to
a situations, written k¢ a, if there are valuet® of t in the considered time interval and
o° of Qi in the corresponding interval, such thet?, o) is true inM in the standard
(Tarskian) sense. We also say thdt, g (t;)) is true inA, and writeA E aft, gi(t;)),
if a(t, qi(t;j)) is true inM for everys € S. Paraconsistency enters in Dalla Chiara and

Toraldo di Francia’s approach whenever we@estndq_i0 also in the intervals such that
ﬁa(t_o, qio) is also true inM. Let us explain this case with an example.
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Consider Newton’s second lafv= m.a. The three physical variables appearing
in this equation correspond to three deterministic physical quantftese (f), mass
(m) and acceleration(a), which are the physical quantities to be measured. Their
acceptable range of values for a certain physical situaibe, respectively, within
three intervals: fi, f2] € R, [my,mp],and € R [&3, @] € R, each expressing a certain
precisione for the measurements. It is the case thatf = m.a whenever there are
three real numberp; € [f1, f2], 01 € [y, mp] andr; € [as, @], such thatpy = q.rs.

However, due to the imprecisian there are also other three real numbgsrsq,
andr,, each in the respective interval, so thmt# g,.r,, and these numbers are also
acceptable valuefor the measurements of the corresponding physical quantities. So,
strictly speaking, it is also the case that-(F = m.a). In other words, the negation of
Newton’s law should also be true in the same physical situatittence, we may have,
for a sentence and physical situatios € E, bothks a andeg ~a. However, it is not
the case thats o A —a, for this last case would entail the existence of three real numbers
p’, g andr’, belonging to the respective intervals, such thap’ = g'.r' A p’ # ¢.r’,
which is impossible (se17, p. 68).

This definition of truth reflects a kind @mpirical truth And it has interesting con-
sequences, as Dalla Chiara and Toraldo di Francia point out. For example, the logical
connectives are not truth-functional, in the sense that the truth of a conjunction is not
equivalent to the simultaneous truth of both conjuncts. Note also the ‘paraconsistent
aspect’ of this definition of truth. After all, we can have bethr andrs —a. In speci-
fying the underlying logic of Dalla Chiara and Toraldo di Francia’s approach, we may
use the postulates of aSkmwski's discussive logic, such &, as logical axioms for
such physical theories. (Alternatively, we could use a paraclassic logic instead; see
section 7.3.)

4.3 Application to Partial Truth

In a paper by Mikenberg, da Costa and Chuaqui [$8@&), the mathematical concept

of pragmatic truth (today called ‘partial truth’) was introduced. An infinitary logical
system was presented to formulate this concept, and some applications were made in
logic and in algebra. An application of this concept in the foundations of the theory
of probability was studied ifi79], and some of its extensions to inductive logic and to

the philosophy of science were discussed, respective[@dhand[94]. This frame-

work was also employed to examine some issues involved in the theory of acceptance
(see[99]), as well as in the modeling of ‘natural reasoning’ (§2€]). For a general
discussion, se7].

The wide range of applications of the notion of partial truth motivates an investiga-
tion of the logic of partial truth. In this section, we will show that there are important
connections between this logic andkawski's discussive logic. We will study these
connections in the context of certain ‘pragmatic structures’, which we will present
below. As will become clear, pragmatic structures can be considered as worlds of a
Kripke structure, and in this setting, the necessity operator corresponds to the notion
of ‘pragmatic validity’, and the possibility operator to the notion of partial truth. Two
systems are then put forward to formalize these notions. One of the main results of
the present section is that the logic of partial truth is paraconsistent. The philosophical
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significance of this result, which justifies the application of partial truth to inconsistent
settings, is then discussed.

A remark on our terminology is important here. We call the kind of truth defined
in this sectiorpartial truth. Originally, it was called ‘pragmatic truth’, due to its con-
nections with the pragmatic conception of truth, as developed by philosophers such
as James, Dewey and particularly Peirce (<831, [79], and[97]). However, our
work is not exegetical. The only point to emphasize is that our definition was heuristi-
cally inspired by some passages of pragmatic thinkers, such as Pierce, when he wrote:
‘consider what &ects, that might conceivably have practical bearings, we conceive the
object of our conceptions to have. Then, our conception of thisete is the whole
of our conception of the object[201, p. 31). In our view, the definition of partial,
or pragmatic, truth investigated in this section captures, at least in part, the common
concept of a theorgaving the appearancesisually by means of partially fictitious
constructions (sel235 and[52]). We now move on to the formulation of partial truth.

Let us suppose that we are interested in studying a certain domain of knowdedge
in the field of empirical sciences, for instance, particle physics. We are, then, concerned
with certain real objects (in particle physics, with some configurations in a Wilson
chamber, some spectral lines, etc.). Let us denote the set of these objagt#nyong
the objects of;, there are some relations that interest us, and that we model as partial
relationsR;, i € | (every relation having a fixed arity). The relatioRsare partial
relations, that is, eadR, supposed of arity;, is not necessarily defined for ajttuples
of elements of\;. More formally, am-place partial relatiof® can be viewed as a triple
(Ry, Rz, R3), whereRy, Ry, andR; are mutually disjoint sets, witR; U R, U R; = D",
and such thak, is the set ofh-tuples that (we know) belong ® R, the set ofh-tuples
that (we know) do not belong t8; and finallyR; of thosen-tuples for which it is not
defined whether they belong or notf® (Note that wherR; is empty,R is a usual
n-place relation that can be identified wi.)

The reason for using partial relations is that they are supposed to express what we
do know, or what we accept as true, about the actual relations among the elements of
A;. Thus, the partial structuréd;, R )ic; encompasses, so to say, what we know, or
accept as true, about the actual structura.dflowever, to systematize our knowledge
of A, it is convenient to introduce in our structut8;, R )ic; someideal objects. (In
particle physics, quarks would be an example.) The set of these new objects will be
denoted byA,. It is understood tha®; N A, = 0, and we stipulate thaA = A U
Ay. In this way, the modeling oA involves new partial relationR;, j € J, some of
which extend the relationR;, i € |I. Furthermore , there are some sentences (closed
formulas) of the languagg, in which we talk about the structurk@, Rokeiug (I N
J = 0) that we accept as true, or that are true (in the sense of the correspondence
theory of truth). This occurs, for instance, with sentences expressing true decidable
propositions (a proposition whose truth or falsehood caddisded, and with some
general sentences that express laws or theories already accepted as true. Let us denote
the set of such sentences, dublpeidhary, by P (this set may be empty).

Given this informal discussion, we suggest that what we calh@le pragmatic
structure(sps) be regarded as a set-theoretic structure of the form:

A = (A1, A2, R, R}, Picl jeas



Paraconsistent Logics 61

where the elements in question satisfy the conditions above. Alternatively, we can
simply write:
QI = <Aa Rk’ P>|(€K

for a sps, wheré = A; U A, and theRy are partial relations defined &% and® is a
set of sentences of the langudgef the same similarity type as that &f and which
is interpreted inl. Note that for somé&, R may be empty.

Let L be a first-order language with identity, but without function symbols. The
symbols ofL are logical symbols (connectives, individual variables, quantifiers, and the
identity symbol), auxiliary symbols (parentheses), a collection of individual constants,
and a collection of predicate symbols. To interdreéh a sps2 is to associate to each
individual constant ok an element oA (the universe ofl), and to eaclm-ary predicate
symbol ofL a relationR, k € K, of the same arity. It is supposed that every predicate
of the family Ry, k € K, is associated with a predicate symbol.

Definition 4.3.1 LetL andl = (A, Ry, P)xek be, respectively, a language and a sps in
whichL is interpreted. Le® be atotalstructure, that is, a usual structure whasary
relations are defined for al-tuples of elements of its universe. And supposelthsit
also interpreted ir8. Then,®B is said to bell-normalif the following conditions are
met:

(1) The universe o8 is A.
(2) The (total) relations of8 extend the corresponding partial relations%f

(3) If cis an individual constant df, then in botHl and B, c is interpreted by the
same element.

(4)If @ € P, thenB k a.

Given a pragmatic structu® it may happen that there are flenormal structures.
It is possible, however, to provide a system of necessary affidisnt conditions for
the existence of such structures ($&87)). One condition of this system is the fol-
lowing: For each partial relatioRy in 2, we construct a se¥l of atomic sentences
and negations of atomic sentences such that the former correspodpies that sat-
isfy Ry, and the latter to-tuples that do not satisfigc (such sentences correspond to
n-tuples in the ‘anti-extension’ d®¢). Let M be the set .k Mk. Therefore, a sp¥
admits arl-normal structure only if the séfl U P is consistent.

In what follows, we will always suppose that our sps satisfies the relevant condi-
tions; in other words, given any spis the set ofl-normal structures is not empty.

Definition 4.3.2 Let L and U be, respectively, a language and a sps in whicks
interpreted. We say that a sentencef L is pragmatically trugor partially truein the
sps, according toB, if

(1) B is anA-normal structure, and

(2) B = a, thatis,a is true inB in accordance with the Tarskian definition of truth.
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In other words, we say that is pragmatically (or partially) truein the spsl if there
exists arl-normal structureB in which « is true in the standard Tarskian senseuw If
is not pragmatically (partially) true in the spisaccording tadB (« is not pragmatically
(partially) true in the sp#l), we say thatr is pragmatically (partially) falsen the sps
A according toB (« is pragmatically (partially) false in the spg.

Given a spg, it is natural to consider it¥-normal structures as the worlds of a
Kripke structure for S5 with quantification. That is, we have a universe and several
structures, defined in this universe, in which the languagan be interpreted, and
where every world is accessible to every world (Eb¢d)). It is also natural to extend
the language. of the sps to a modal language, by adding the modal operator
to the primitive symbols of.. The operaton, which in modal logic represents the
notion of necessity, corresponds in the present situatigpragmatic validity(in a
spsA). Analogously, the possibility symbal, definable in terms ofi and negation,
corresponds tpragmatic truth(in a spsl). Thus, we can extend the semanticd_of
so that the symbols and¢ represent the concepts of pragmatic validity and pragmatic
truth, respectively. Moreover, since the universes of all ‘worlds’ belonging to a sps
are the same, it is reasonable that identity behaves, in the cases of pragmatic truth and
pragmatic validity, as necessary identity.

Among the pragmatically valid formulas — that is, those formulasich thatoa
is a theorem of S5 with quantification and necessary identity — there are the logically
pragmatically true formulas — that is, those formulesuch thatooa or, equivalently,

o« is a theorem of the same system. To simplify the language, from now on, the former
class of formulas will be callestrictly pragmatically validand the latter will be called
pragmatically valid The first class of formulas coincides with the set of theorems
of S5 with quantification and necessary identity; the second, wihkaleski’'s logic
associated with the same system.

We first present the logical system that systematizes the notion of strict pragmatic
validity. It will be denoted byPV. The system has a languabé whose primitive
symbols are those of a standard formalization of the first-order predicate calculus with
identity and individual constants, plus the symbokFor simplicity, function symbols
are excluded.) The defined symbols are introduced as usual, and the common conven-
tions in the writing of formulas and in the formulation of postulates (axiom schemas
and primitive rules of inference) are employed without explicit mention. The postulates
of PV are the following:

(1) If @ is an instance of a (propositional) tautology, theis an axiom.
Qa.a—>B/B

() o = B) = (O — Op)

4)oa - a

(5) 0a — Ooa

(6) Yxa(x) — a(t)

(7) e/ Da
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(8) @ — B(X)./ @ — ¥YXB(X)
(9) x=x
(10)x =y = (a(X) — a(y))

In the postulates above, the symbols have a clear meaning. In particular, in the
axiom schema (6)t is either a variable free fox in a(x) or an individual constant.
This system is essentially S5 with quantification and necessary identity.

We define the concept of deduction ag14€. The basic idea is that one can only
use the generalization ruteVa in a stepk of a deduction when a subsequence of the
deduction up tk is a proof ofa. This restriction to the generalization rule is exactly
similar to the one adopted with regard to the necessitationautelr. As a result, the
usual derived rules, such as the deduction theorem, remain valid.

The semantics dPV can be easily developed. The basic (strict) semantic concepts
of pragmatic truth, pragmatic falsehood, pragmatic validity, pragmatic invalidity, prag-
matic semantic consequence, etfteono dificulties in being formulated, and maintain
the spirit of Definition 4.3.2. (For more details on these points[$&8d and[114].)

We have the following theorem, whose proof can be obtained by the methods of
[148 and[132:

Theorem 4.3.1 LetI be a set of formulas df* anda be a formula of the same lan-
guage. Thenl + « if, and only if,I" E a.

That is, @ is asyntactic consequenad I' in PV iff « is astrict pragmatic semantic
consequencefT.

The logic of strict pragmatic validity, which we have just sketched, can be extended
to higher-order (modal) languages, for example by adapting some ideas presented in
[132, Chap. B Moreover, we can also develop a metatheoretic study of this logic. For
instance, we can adoptftBrent modal systems as basic (S4, for instance), distinguish
frames from models etc. Instead of pursuing this path here, we will now consider
a different system to study the logic of pragmatic validity. This system, as we will
see, is constructed in terms BW, which was presented here mainly as an auxiliary
construction. We will then show that the logic of pragmatic validity is paraconsistent.

Let us callPT (for ‘pragmatic truth’) a system whose language is the same as
that of PV. The idea is to construct a system in whiclr means thata is strictly
pragmatically valid. As before, it is a formula ofL*, which is the language d?V
andPT, we write wa to denote the formula composed by precedingy a sequence
of universal quantifiers, so that all variables:af are bound.

Clearly, in order thatr be pragmatically valid in the intended sense, we must have
that+ « in PT if, and only if,+ ¢ wa in PV. So,PT is a kind of J&kowski’s discussive
logic associated witfPV. (Recall that, given a modal systdvh the J&kowski's logic
associated witM is the set of all formulaa such thata is a theorem oM.)

PT can be axiomatized & ** of the previous section (see postulates i34 J13*
of page 56). The definitions of proof and of (formal) theorem are the usual ones. We
now show that that postulates do provide an axiomatizatioTor
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Lemma 4.3.1 If @ is a theorem of our proposed axiomatization RF, then¢ w « is a
theorem ofPV.

Proof: By induction on the length of the proof afin the proposed axiomatization for
PT. Letay, ..., an, Whereay, is a, be a (formal) proof ofr in the proposed axiomati-
zation forPT. Then,ai, 1 < i < n, is an axiom or is obtained by the application of one
of the rules. Ifg; is an axiom, then it has the formw g8, whereg is an axiom ofPV
(observe thaPV is S5 with quantification and necessary identity). Therefore 3 is

a theorem oPV, and soo w o W B, i.e. ¢ W aj, is also a theorem d?PV. Suppose that
a;j is a consequence of two previous formulas by Rulé.JPhenq; is o w 3, obtained
from the premises ¥ y ando W (y — ). By the induction hypothesig,w o vy and
owow(y — B) are provable irPV. Consequentlyg vy ando w (y — B) are also
provable inPV, and so iso w 8. But if 0 w g is a theorem oPV, theno w o w g, i.e.

O W aj, is also a theorem. The other rules are treated similarly.

Lemma 4.3.2 If @ is a theorem oPV, theno ¥ « is a theorem of the proposed axiom-
atization forPT.

Proof: By induction on the length of the proof of in PV. Letay,...,an, where
an is a, be a proof ofr in PV. If @, 1 <i < n, is an axiom ofPV, thenowa ais a
theorem of the proposed axiomatization RF, as is easy to see. ¢ is obtained by an
application of modus ponens (Rule")2fromy andy — «j, we have, by the induction
hypothesis, that Wy ando w (y — «;) are provable in the proposed axiomatization.
Then, by Rule J2, 0 W q; is also provable. Rule 38is treated analogously.

Theorem 4.3.2 Postulates J¥—J13* characterizePT. That is, we have:
Fain PTiff FoWa in PV.

Proof: Letus suppose thatis a theorem of the proposed axiomatization®ar. Then,

by Lemma 4.3.1¢ W « is a theorem oPV. Conversely, assume that o is a theorem

of PV. So, by Lemma 4.3.2] v ¢ W « is a theorem of the proposed axiomatization for
PT. Therefore, by Rule J7, ¢ W « is a theorem oPT, and so, by Rule J9, a is also

a theorem oPTI

Definition 4.3.3 In PT, we say that the formula is a syntactic consequence of a set
of formulasl” (in symbolsI + «) if there existyy, ...,y in I such that

(Oy1 A ... AOYn) = O
is a theorem oPT. Or, equivalently,
OW((OyL A ... Adyn) — %a)

is a theorem oPV. Whenn = 0, the first formula above reduces, by conventiony to
(and® + @ means, thus, that ).

Definition 4.3.4 A pragmatic theorys a setT of sentences (closed formulasRT)
such that ify,...,ynareinT and{ys,...,yn} F @, thena is also inT.
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It follows that if T is a pragmatic theory and is a (closed) theorem d®T, then
a € T. LetS be the set of all sentences BT andT be a pragmatic theory. Using a
terminology that has already been introduced, we sayThattrivial (overcompletg
if T = 8; otherwise,T is non-trivial FurthermoreT is inconsistentf there is at least
one sentence such thatr € T and-a € T, where- is the symbol of negation &?T;
otherwise T is consistentWe can now prove the following result:

Theorem 4.3.3 There exist pragmatic theories that are inconsistent but non-trivial.

Proof: Let c andM be, respectively, an individual constant and a monadic predicate
symbol of PT. The theory whose (nonlogical) axioms aiéc) and—-M(c) is inconsis-
tent. But it is nontrivial, because the corresponding theory\éf whose (nonlogical)
axioms areyM(c) and¢—M(c), is consistent. Infeect, it is easy to construct a Kripke
model forPV in which both¢M(c) and¢—M(c) are true. However, in no Kripke model
for PV the formulao(M(c) A ~M(c)) is truel

Given the definitions of the discussive connectivegandAg, introduced in Defi-
nition 4.1.2, we can also prove that, T, —4, Aq, Vg, Y and3 satisfy all the schemas
and rules of classical positive logic. If we consider a valid primitive schema (or rule)
of classical positive logic, and replace in it implication by discussive implication and
conjunction by discussive conjunction, we obtain a valid schema (or ruRY pés is
easily seen.

Theorem 4.3.41f T is a pragmatic theory, then € T iff there existys,...,ynin T
such that
(Y1 Ad -+ Ad ¥n) —d Oa

is a theorem oPT.

It is worth noting that in some applications of the theory just developed, it is some-
times convenient to employ an alternative definition of syntactic consequence. For in-
stance, in certain applications in the foundations of physics, instead of Definition 4.3.3,
it is more appropriate to adopt the following alternative:

Definition 4.3.5 In PT, the sentence is said to be goroper syntactic consequenaie
a set of sentencdsif there areyy, ..., yn in I' such thato(ys A ... A yy) ando((y1 A
... Ayn) — «a) are theorems ofPT (or of PT and some extra axioms).

The philosophical significance of the above formal account can be seem by consid-
ering inconsistencies in our belief systems, as explored by da Costa, French and Bueno
(se€[112). If we focus on Theorem 4.3.3, it becomes clear that a pragmatic theory can
contain contradictory theorems without becoming trivial. This meansRhdielongs
to the class of paraconsistent logics. In the case of pragmatic (partial) truth, this is not
an unreasonable situation: contradictory propositions may, of course, both be pragmat-
ically true (sed97, Chap. b). Thus, partial truth can be used to provide the epistemic
framework for characterizing inconsistent belief systems.

More precisely, we can formulate a position according to which ‘beliefghiatnot
to be understood as ‘belief thais true’ in the correspondence sense. When it comes to
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representational structures, such as scientific theories, ‘beligf'tisatb be understood

as ‘belief thatp is pragmatically or partially true’. This allows for the accommodation

of inconsistency by acknowledging that an inconsistency is not a permanent feature of
reality to which theories correspond, but is rather a temporary aspect of these theories
that may turn out to be epistemically fruitful. On this account, it is not the ‘logic of
science’, in the sense of the underlying logic of deductive and inferential practices, that
is paraconsistent, but rather the appropriate ‘logic of truth’. (For further details, see
[971.)

The logic of pragmatic truth, as presented above, has also been developed to serve
as a ‘logic of scientific acceptance’ (sk]). The nature of acceptance is a topic that
hasn’t received as much attention as it deserves. The accounts that consider the issue
can be divided in two extremes: those that identify acceptance and belief, and those that
distinguish the two. The former typically regard belief in terms of the correspondence
conception of truth, whereas the latter fall prey to the accusation of some sort of anti-
realism (or even conventionalism). An alternative is to retain the connection between
belief and acceptance whilst rejecting truth-as-correspondence. On this view, to accept
a theory is to be committed, not to believing it to be tper se but to holding itas
if it were true for the purposes of further elaboration, development and investigation.
Thus, acceptance involves belief that the theory is partially, or pragmatically, true only,
and this, we believe, corresponds to the fallibility found in scientific practice.

Linking acceptance and pragmatic truth in this way restores a formal similarity be-
tween ‘truth’, taken generally, and acceptance with regard to deductive closure. So,
it has been argued, for example, that acceptan@erdifrom truth in that whereas the
latter is deductively closed, in the sense that what one deduces from a set of truths is
also true, the former generally is not (§883). This is correct if closure is understood
only in classical terms. However, what the above formal analysis shows is that accep-
tance, understood within the framework of pragmatic truth, may be regarded as closed
under the Jskowski’s discussive system. To put it more precisely: although there is no
closure with regard to acceptance under classical conjunction and material implication,
one can define discussive forms of implication and conjunction as above, with respect
to which acceptance can be taken as closed.

This is a result of both general and particular significance. Our contention is that
inconsistency can be accommodated in a framework in which accepted propositions are
closed under implication. The framework is the one in terms of pragmatic truth, and
the form of implication is, of course, discussive. Shifting perspective from the specific
to the general, it is the failure to consider such non-classical systems that undercuts
the claim that ‘logic’ is not specially relevant to reasoning. Within the framework
of pragmatic truth, we can accommodate inconsistency while still retaining a sense
of deductive closure. In this manner the relevance of logic to reasoning — especially
scientific reasoning — is restored (46@)).

5 Annotated Logics

Reasoning about inconsistency is also important in computer science, data base the-
ory, and artificial intelligence. For instance, to construct a knowledge base about a
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certain domairD of knowledge, we generally consult a certain number of experts, say
Ei, ..., En, oOf that field of knowledge. Each expert contributes with facts and rules that
form the base$,, ..., S, of sets of sentences. In this way, the whole knowledge base
can be taken as the s&tU...US,. However, experts may disagree, and often they do.
As a result, this last set may be inconsistent, and so, according to classical first-order
model theory, will have no models, and consequently, will be deemed ‘meaningless’.

In 1987, H. Blair and V. S. Subrahmanian devised a kind of paraconsistent logic,
called ‘annotated logic’, that was suitable for representing databases and knowledge
bases that contain inconsistencies (&84]). Later, Blair and Subrahamanian devel-
oped this framework further, endowing it with a fixed-point theory, a model theory and
a proof theory (sep40]). Moreover, they extended earlier results to allow for logic pro-
gramming over a complete lattice of truth-values, extending accordingly the fixed-point
theory and the proof theory (s€89]). In turn, Kifer and Subrahmanian generalized
annotated logic in such a way that a framework for logic programming based on the
concept of ‘bilattice’ (which had been developed earlier by Fitting) was provided by
the extended annotated logic framework (ge86]). Kifer and Li then showed how an-
notated logic can be used as a foundation for reasoning in the presence of inconsistency
(see[154]). And Kifer and Lozinskii demonstrated an embedding of classical logic in
annotated logic; showed the connections between these logics and non-monotonic log-
ics, and devised a mechanical proof procedure for annotated logif1&8® Finally,

Kifer and Wu showed how annotated logics serve as a foundation for object-oriented
databases (sd@57), whereas Kifer and Krishnaprasad showed how annotated logics
can be used as a foundation for inheritance networks[ ().

The foundational study of annotated logic was suggested by da Costa, Subrahma-
nian and Vago (sef16]), who developed a family of propositional calculi, called,
as well as their first-order counterpa®/ . This work has been extended to annotated
set theory, and further results ab@f have been presented as well (§&@g).

5.1 The annotated logidQ7"

Q7 is a first-order logic defined as followsr™ is an arbitrary, but fixed, complete
lattice. The least element Gf is denoted byL, while the greatest element is denoted
by T. Furthermore;~ is taken to be a unary operator framto 7. The language

L of Q7 is a first-order language without identity whose primitive symbols are the
following:

1. Connectives= (implication),V (disjunction),A (conjunction) and- (negation).
2. Individual variables: a denumerably infinite set of variable symbols.

3. Individual constants: an arbitrary family of constant symbols.

4. Quantifiers¥ (universal quantifier) and (existential quantifier).

5. Function symbols: for each natural numiver- 0, a collection of function
symbols of rank.

6. Predicate symbols: for eaal> 0, a family of predicate symbols of ramk
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7. Auxiliary symbols: parentheses and comma.

Termsof L are introduced as usual. An (ordinaatpmis an expression of the form
P(ts,...,tn). If P a predicate symbol of rankandA € 7, anannotated predicatés
a pair(P, 1). We will denote an annotated predicate®y and sometimes will simply
call it ‘predicate’.

Given an annotated predical®y of rank n andn termsty,...,t,, anannotated
atomis an expression of the form,(ty,...,t,). The notion offormulais introduced
in the standard way. Note that the symbols used here in two distinct ways: first,
as a mapping fronT to 7-, and second, as a unary connectivd_ofThe appropriate
meaning of- will be given by the context.

Definition 5.1.1 An interpretationl for the languagé. is a 4-tuple

I'=<D,m,d,x0),
where:
(i) D is a non-empty set, called tlilwmainof 1.
(ii) m maps individual constants afinto D.

(i) &, assigns to each function symbbbf rankn a mapping fronD" to elements
of D.

(iv) ) assigns to each predicate symBabf rankn a functiony, (P) from D" to 7.

Definition 5.1.2

(i) Let | be an interpretation fdr. Then avariable assignmentfor L, with respect
tol, is a map from the set of individual variable symbold.dab D.

(i) The denotationd, ,(t) of a termt of L, with respect to an interpretatidnand
variable assignment is defined inductively as follows:

(a) If tis a constant symbol, theh, (t) = 7 (t).

(b) If tis an individual variable, thed , (t) = v (t).

(c) If tis f(ta, ..., tn), thend, ,(t) = xi(di,(t2), . .., i, (tn)).
(iii) An annotated atonP,(ty, ..., t,) will be denoted byP(ty,...,t,) : 1. An ex-
pression of the form. ... (A : u), whereA is an ordinary atom, is calledteyper-

ktimes

literal of orderk, k > 0, and abbreviated by*(A : u).

Definition 5.1.3 Let | be an interpretation folL, and lety be a variable assignment
for L. Also, letA be an ordinary atom, and let, 8, andy be arbitrary formulas. In
this case:

() If Ais an ordinary atonP(ty, ..., t,), then

LvE (A ) if xi(P)(diy(t), . .., diy(tn)) > .
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(II) |,v|=—|...—|(A:,u) iﬁ”l,vl: —|...—|(A: —|,u).
ktimes k-1times

It is important to note here the two senses in whicls used. Inside the atom, that

is, in (A : —u), what appears is the map frofh to 7. However, outside the atom,
that is, in the first occurrence of in the expressiom(A : —yu), it is the negation
symbol that should be considered. Condition (ii) states that, to reduce negations,
we replace values in the lattice according to the map

(i) 1,vEa ABifl,vE aandl,v EB.
(iVvyl,vEavVvBiffl,vEaorl,vER.
MILvEa-Bifl,vEaorl,vep.
(vi) If F is not a hyper-literal, thet, v = =F iffl,v e F.

(vii) I,v E Yxa iff for every variable assignment that agrees withv in all vari-
ables distinct fronx (that is,v'(y) = v(y), forally # x), |,V E a.

(viii) 1,v E Ixa iff for some variable assignmertthat agrees withy in all vari-
ables distinct fronx (that is,v'(y) = v(y), forally # X), |,V E a.

(iX) | E a iff for all variable assignmentg associated with, |, v E a.

Definition 5.1.4

1. LetI' U {a} be a set of formulas. We writea, and say thatr is valid (in Q7")
if, for every interpretatior, | £ @. We say thatr is a semantic consequenoérl iff
for every interpretationt such that, for alg € I', | £ 8, itis the case thal ¢ a.

2. If a, B are formulas oL, thena & B =g (@ — B) A (B — a).

3. Ifais aformula, then a =g (@ — (@ — @) A =(a — ).
(~ a is called thestrong negationf « in Q7T".)

4. A formula is calleccomplexif it is not a hyper-literal.

We will describe now an axiomatic system, call@d whose underlying language
is L. In the postulates below;, 8 andy denote arbitrary formulasy andy denote
complex formulas, andis an annotated atom.

The postulates of our system are:

(Ca—(B—-a)

(=2)(@—=pB) = (@—=B—=7) (@)
(=3)a, a = B/B

(=) ((@—=p) —a)—a

(M)aAB—-a
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(A)anp—p

(A3)a— (B— aAp)

(Vi) @ = (@ Vp)

(V2) B — (@ V)
(Va)([@—=)—=>(B—-y) > (@VvB—Y))
(=2) (¢ = ¥) = (¢ = ~¥) = ~¢)

(=2) ¢ = (m¢ — a)

(z3) oV —e

(31) a(t) - Ixa(X)

a(x)=p
(F2) Ixa(X)—p

(Y1) Yxa(x) — a(t)

a—B(X)
(VZ) a—Yx3(x)

(1) (B:L) A =X(0 : ) & =10 : —p)
(12) (6 : =) = (0 : =4), whered < pu.
(r3) If @ — (0 : ;) for everyj € J, thene — (6 : 1), wherey = sufy; : j € J).

The postulatesd;)-(V>) satisfy the usual restrictions. If is a complete lattice, the
supremum in rulexs) is well defined. Wheiy is finite, rule 3) can be replaced by
the schemad(: 1) A ... A (6 un) = (0 : p), whereu = supyj : 1< j <n}.

We easily define the syntactic concepts associated to the axioms above. In particu-
lar, the concept of syntactic consequends defined as usual. However, the notion of
deduction is not finitary if” is infinite. The propositional counterpart Q7 can also
de developed, as shown[ih1g.

Theorem 5.1.1 (Soundness)etI' U {A} be a set of formulas o§7". ThenI' + «
implies thafl” E «. That is, the axiomatic system is sound with respect to the semantics

of QT

Proof: By induction on the length of deduction @f is infinite, we use transfinite
recursionll

Definition 5.1.5 Suppose thal is a set of formulas such that the set of annotated
constants occurring it is finite [ itself may be infinite). In this casE,is said to have
thefinite annotation property

We note that if/ is a substructure of", then7 is closed under the operations of
T.
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Theorem 5.1.2 (Finitary Completeness)LetT’'U{A} be a set of formulas @7 . Then
if 7 is finite or if " U {a} has the finite annotated property, thEf= « entailsT + a.

Proof: By extending the proof of the propositional fragmen@af presented in116 .1

When7 is infinite, it seems that the completeness can be obtained by adding to the
axioms an extra infinitary rule (s¢&08§ for further indications). The syste@7 is a
non-classical logic which is both paraconsistent and paracompletEs@ee

5.1.1 Another axiomatization ofQ7".

A different axiomatization a7~ can be obtained by adding to the language of classical
first-order predicate calculus a symbol for the paraconsistent weak negation satisfying
suitable axioms. As an example, [@tbe an axiomatic systematization of first-order
predicate calculus without identity whose symbol of negatior.isThe remaining
primitive symbols ofC are as those d@7. We still suppose that the atomic formulas
of C are annotated atoms, as above. Furthermore, our language has a primitive symbol
- for the weak negation.

Let us denote byA’ the axiomatic system obtained fro@ by adding to it the
axioms (1), (—2), (—3), (11), (r2) and (r3) plus the following rule:

[Rule] Leta andB be formulas such thgtis obtained from by replacing sub-formulas
of the form~ a by @ — ((@ — @) A =(a — «)), or by replacing sub-formulas of the
latter form by the first. We can then infer thai- 3.

Theorem 5.1.3 The axiom systenfl and A’ are equivalent. So, both characterize

oT.

Proof: Any postulate of#A is a postulate ofA’, and item 3 of Definition 5.1.4 corre-
sponds to a rule itA’. Conversely, any postulate 6’ is a postulate or a definition of
A, or is provable inA, as is easy to shol.

Let X be a non-empty set. Aormal structure based oM is a functionf : Xx X
7. Let us denote byp772 the logic obtained fronQ7 by suppressing all function
and predicate symbols from the language, with the exception of one binary predicate
symbol, which we represent iy ThenQ7 2 is a dyadic predicate logic whose atoms
are annotated by . These atoms have the form (a, b), wherea andb are terms, and
A € T . This atom will be denoted bg €, b.

Theorem 5.1.4 Q72 is sound with respect to the semantics of normal structures. If
is finite, or if we consider only sets of formulas having the finite annotation property,
thenQ77? is also complete.

Proof: Consequence of Theorems 5.1.1 and A1.2.

5.2 Annotated set theory

Theorem 5.1.4 above shows that normal structures are important to annotated logics,
particularly whenQ7™ is developed along the lines of the previous section. In this sec-
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tion, we will extend annotated logic to set theory, and we will be dealing with normal
structures throughout.

Let ZF be a standard formulation of the Zermelo-Fraenkel set theory. The language
of annotated set theory, callédF, is obtained from the language &F by adding two
individual constants]” and{. The following axioms are also added to those&&f

(AZF.1) 7" is a complete lattice, and we denote Hyan arbitrary, but fixed, ordering.
We usel andT to stand for its least and greatest elements, respectively.

(AZF.2)T € U and¥x(x € U — x C U). That is, U is transitive.

In most applications, it is usually enough to postulate #h a set with a reflexive
binary relation with unique least and greatest elements.

Definition 5.2.1

(1) We say thaf is a normal structureor a normal functiorbased oni{, if & is a
mapping froml x U into 7. We writex €, y instead ofE(x, y) = A.

(2) If xe U, then:

(2.1) X9 =i fy:ye Uny e X
(2.2) X8 =4 ly ye UATuu e T Au<ANY €, X))
(2.3) Fx =qef {f : T : X T AIE(E is a normal functionA YAYY(1 € T Ay €
U) - (f) =1 yer X))
(3) Ifx,yeUandde T,thenx =5y =gt VZ€ U(z€) X ZE, ).

(4) A setx # 0 is strongly transitivef it is transitive andvy(y € X — P(y) € X),
whereP(y) is the power-set of.

(5) xis called auniverséiffit is strongly transitive and for every function: x —
X, if y € x, thenJran(f) € x, whereran(f) =g {z: At(t e y A () = 2)}.

Theorem 5.2.11If xis a universe, ther is a standard model of all axioms gf, with
the possible exception of the axiom of infinitywl€ X, thenx is a complete universe
(w is the set of natural numbers).

Set theoretic constructions are used to deal with normal structures bagdédlon
seems that the more such constructions are available, the better. In most cases, it is
useful to takeld as a universe, that is, as a modelzsf if w € U. In particular, we
have the following result:

Theorem 5.2.2If U is an universed € 7, andx € U, thenx*€l e ¢, X149 ¢
and ¥y € U. Furthermorefy : F(y) Ay €, X} € U, whereF(y) is any formula ofzF,
andv¥xvy(x,y € U — (VEVA(E is anormal functionA A € 7) — X =g, y) & X=Y).

Proof: Immediate, sincd{ is a model ofZF (except for the axiom of infinityd.

We can introduce a weak negatienin AZF without difficulty. For instance, it
applies to hyper-literals only, and is such that:

-K(x e, y) & =K (x e, y).
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5.2.1 Fuzzy sets

The concept of a fuzzy set can be formulateditr. If U is a set, then &izzy setof U

is a functionu : U — [0, 1]. Let us denote b¥q, the set of all fuzzy sets dff. We say
that two fuzzy sets), v € ¥4, areequalift for everyx € U, u(x) = v(x). Let us usel,

andQ, to denote the fuzzy sets @f so that for everyi € U, 1,(X) = 1 andOy(x) = O.

Furthermore, ifu, v € ¥, andx € U, we stipulate thatuLl v)(X) =ger SUAU(X), V(X)};

(UM V)(X) =ger INF{u(x), v(X)}, andu =ger 1 — U(X).

It is then easy to prove théf,, L, M) is a complete lattice with the infinite dis-
tributive property, and thatFq,, L, 1, ) is an algebra that, in general, is not Boolean. A
fuzzy setu of U can be identified with a normal structwdased on the s U [0, 1],
such that = {1, 1} and

f = T ifxeUAyel0,1] Ay = u(X),
1 L otherwise.

Hence AZF, considered as the theory of normal structures, encompasses the theory
of fuzzy sets. It is clear that it/ is a universe, the definition of fuzzy set in terms of
normal structures can be simplified. In the same way, the theory of flou sets and of
L-sets (se¢198) can also be obtained by extending the concept of normal structures.
Further developments relating annotated logics and fuzzy logics can be foli@8in
and[2].

5.3 Applications

Annotated logics have a wide range of applications. In this section, we will illustrate
how annotated logics provide a formalism for reasoning about inconsistent knowledge
baseg’ (In section 7.2.3, we will sketch another use of annotated logics.) Although
the technical details cannot be given here in complete detail, the references provide
additional information.

Expert systems and knowledge bases about a dohaire usually constructed by
programmers who, in general, know little abd@ut To build an expert system, say, in
medicine, we need to consult several experts in the particular field we are interested in
(say, cardiology). We ask the experts to provide us with adequate knowledge, based on
their previous experience, so that we can construct a knowledge base. It is common to
assume that the information provided by the experts can be expressed in suitable form
in a certain logic language.

But experts usually disagree. For instance, given the same observable symptoms,
doctord; may believe that the patient has a virus infection, dodtanay conclude that
the patient has an allergic reaction, while doadgmay say that the patient either has
a viral infection or an allergy, but not both. It is clear that if we had used the opinions
of these three doctors in our knowledge base, we would be led into an inconsistency.
The important point is that often experts disagree, and have conflicting opinions, for
very good reasons. So, inconsistencies, such as the one found in this sample, should
be regarded asatural In other words, to construct knowledge bases, we need to be
sensitive to the fact that inconsistencies may be present, and take them seriously.

15This section is partially based ¢h04].
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1

Figure 1: The Lattice FOUR

We present here a general framework for logic programming over a set of truth-
values that has the structure of a complete lattice. We develop two formulations of the
framework: one that provides a four-valued logic to reason in the presence of inconsis-
tency, and another that shows how to reason with both inconsistency and uncertainty.

Let us assume that we have a fixed gebf truth-values that is a complete lat-
tice under an ordering defined on7". Let us denote the least upper bound and the
greatest upper bound of the subsgts 7, respectively, by!S andnS. For instance,
consider the lattice FOUR shown in Figure 1. Herend f represent the classical
truth-values ‘true’ and ‘false’, respectively, while denotes ‘unknown’, and stands
for ‘inconsistent’ or ‘over-defined’.

Intuitively, a lattice like FOUR can be useful to accommodate certain classically
inconsistent theories. Consider, for example, the th@oaxiomatized by{p, -p, q}.

T has a model, namely, the interpretation that assigrie p andt to q. Given the
definition of satisfaction discussed below (see Definition 5.3.3), it can be shown that
- is not a logical consequence Bf Of course, this is not the case in classical logic.

Another important complete lattice is SQUARE, that is, the $€ = [0,1] x
[0,1] of truth-values, where [A] c R, endowed with the ordering below. Here, the
assignment of a truth valug{, u,] to p means that the degree of beliefpns iy, while
the degree of disbelief ip is u. The ordering is the following:

[u1, u2] < [p1,p2] iff p1 <g p1 @nduz <z p2,

where<g is the ordinary ‘less than or equal to’ defined on the real number§ Qn
[0, O] intuitively denotes absolute lack of belief, [] denotes complete disbelief,,[]
denotes complete belief and [l] denotes absolutely inconsistent beliefs.

Let (A : u) be an annotated atom ov&r (see Definition 5.1.2). If; anda, are
first-order expressions (terms or atoms), thesubstitutiong of variable symbols for
terms is called anifier of @; anda; iff the application ob to a1, denotedr, 6, yields
the same expression agf. A most general unifiefmgu for short) of any two syntactic
expressionsr; anda, is a unifierd such that for any unifieft of the expressiona;
anday, there is a substitutiop such thaty = ¢. If a; anda, are unifiable terms of
atoms, then they posses a mgu (E&4).

Definition 5.3.1 If Lg, L4, ..., L, are annotated atoms ovér, thenLg < L1 A... AL,
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is an annotated clausever 7. Lg is called the head of the annotated clause, while
L1 A ... A Lyisits body. We will often refer to annotated clauses just as clauses.

Definition 5.3.2 An annotated logic prografALP) over7 is a finite set of annotated
clauses ovef .
5.3.1 Semantics

Let us define a semantics for ALPs. To do that, we will consider only those interpreta-
tions whose domain of discourse are the set of ground terms of the language (Herbrand
interpretations). An interpretationof an ALP P over7 is a mappind : Bp— 7,
whereBpis the Herbrand base &, that is, the set of variable-free atoms expressible
in the language oP. The ordering< is extended to the interpretation in a natural way,
namely:

I < L iff (VA e Bp)(I2(A) < [12(A)).

The orderings>, < and> are defined in the usual way. We also assume the existence
of afunction-: 7 — 7.

Definition 5.3.3 (Satisfaction) An interpretationl is said to satisfy
1. the formulax iff it satisfies every closed instancemf
2. the variable-free annotated atoi:(u) iff [(A) > y;
3. the variable-free annotated hyper-literdA : w) iff 1 (A) > =(u);
4. the variable-free formula; A a» iff | satisfiesy; andas;
5. the variable-free formula; v «, iff | satisfiesy; or ay;
6. the variable-free formula; < a iff eitherl satisfiesy; or does not satisfys;

7. the variable-free formula; © «a; (thatis, (1 & a2) A (a2 & a3)) iff | satisfies
a1 < az anday < aq;

8. the closed formulaxe iff there is some variable-free tetrsuch that satisfies
a[x/1] (the result of replacing all free occurrencesxdh « by t);

9. the closed formulaxq iff for every variable-free termy | satisfiesy[x/1].

When| satisfiesa, we writel £ «, andl # «, when it does not. In this section,
we write (*)a and @)a to denoteVx; ... Vxae and3dx; ... Ix,a, respectively, where
X1, ..., X, are the free variables of.

Lemma5.3.1If | is an interpretation, then:
LIE-(A:piffl E(A: ).
2.1 @A) I E @)@ ().
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Theorem 5.3.1 Suppose tha® is an ALP over7. LetP’ be the ALP obtained frori
by replacing all annotated literals of the for(rA : 1) by (A : =(u)). Thenl is a model
of Piffl is a model of’.

Without loss of generality, we will assume (throughout this work) that ALPs con-
tain no negated literals. Moreover, associated with every RLé&ver 7, there is a
function 7, from the class of Herbrand interpretations to the class of Herbrand inter-
pretations, defined as follows:

To(D(A) =ger U (A ) =B1 A ... ABnis aground instance
of an annotated clausefand 81 A ... A Bn}.

Theorem 5.3.2 Suppose tha® is an ALP ovef/” (where7 is a complete lattice under
<) and that7, is as above. Thehis a model oP iff T(l) < I.

Theorem 5.3.3 Suppose thaP is an ALP over7 as above. Thefl, is monotonic;
that is, |1 < Iz entails7p(11) < Tp(12).

The monotonicity of7, guarantees, by the Tarski-Knaster theorem, ffiahas
a least fixed point that coincides with the least pre-fixed poingf (Here,| is a
pre-fixed point of/p iff 7(1) < I.)

Theorem 5.3.4 P has a least model that is identical with the least fixed pointof

Given that7 is a complete lattice, it possesses a least element and a greatest ele-
ment, which we denote, respectively, hyand T. Furthermore, associated with every
7, there are two distinguished interpretations, denoted landV, that assign the
truth-valuesL and T, respectively, to the elemenése Bp, whereBpis the Herbrand
base ofP.

Definition 5.3.4 If P is an ALP overT, then theupward iteratiorof 7, is defined, for
all ordinals 4, as
{ TpT0=qger A
Tp T A =det |—|a</l7—p(7_p T ).

Theorem 5.3.57, 1T w is identical to the least fixed point @f,.

Definition 5.3.5 A modell of the ALPP over7 is supportedff |(A) = Ufu : (A :
W) < (Br: ) A...A(Bn: un) is a ground instance of an annotated clauséPiand

LE@Brip) Ao ABn s )}
Theorem 5.3.6 | is a fixed point of/, iff | is a supported model d.

Definition 5.3.6 Let A be an ordinal. Thedownward iteratiorof 7, is defined as fol-
lows:
{ TplO0=q¢er V
Tp 1 A =get |_|w</l‘7-p(‘7-p T @)
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Definition 5.3.7 The ALP iscanonicalff 7, | w is a fixed point of/ .

Definition 5.3.8 Suppos&€; andC, are the annotated clauses given below:

(At:pt) = (BY:pD) A...A(BL:ph)
(A2 1) = (BI iy A... A (BE w2

C, is semantically equivaleno C, iff there is a substitutio® such thatA'® = A? and
(B1®: p1),....(BI® : pp)} = {(B] 1 ¥, (BY : yd)).

Definition 5.3.9 Suppose tha€; and C, do not share common variables. An ALP
P is closediff for every pairC,, C, of annotated clauses iR satisfying the previous
condition, ifC,, C, are of the form

Al:yhy = (B pH) AL A(BE: pY)
{ (W1 42) = (B2 n .. A (B R,

such thatAl, A? are unifiable via the mg®, andu* and 2 are incomparable (i.e.,
ut £ p? andp? £ ub), itis the case that

(A" ot p?) = BT ipn) A ABY o) ABT 1Y) AL A (BE wh))O

is semantically equivalent to some annotated clause.ifThe closureof an ALPP,
denotedCL(P), is the closed ALP obtained by repeatedly addindtall clausesC
obtained from annotated claus€s, C, whose heads are unifiable and whose heads’s
annotations are incomparable.

Every ALPP can be extended to a closed ACR(P) by adding a finite number of
new annotated clauses, as is easy to show. Moreover, we have:

Theorem 5.3.7 Supposé is an ALP over a complete latticg of truth-values. Then:
(1) Tp = Tewp)
(2) Hence P andCL(P) have the same models, i.e., they are logically equivalent.

(3)If 1 is a supported model dEL(P), and A is a variable-free atom such that
I(A) = A #1, then there is asingleannotated clause iR having a ground instance
of the form

A:p) = Br:y))A...A(Br:yn)
suchthatl < pandl E (By i y1) A ... A (B yn).

Definition 5.3.10 P is canonical if 7 | w is the greatest fixed point Gf,.

Theorem 5.3.81f P is canonical, thei¥, | w is the greatest supported modelraf
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5.3.2 Executing queries

Important applications of the formal framework above are found when we analyze the
interactions between an user who ask queries to a knowledge base. To discuss cases
of this type, we assume that all ALPs are closed, whidficas for this purpose (see
[104)). In this kind of application, the knowledge base is expressed as an ALP over a
suitably chosen complete latticg (<) of truth-values. In this framework, experts may
use expressions such pss likely to be falseor, more preciselyp is false with 90 %
certainty(see[104], where examples are given).

Other applications of annotated logics will be mentioned in the next section.

6 Developments in paraconsistent logic

6.1 Some carried out developments

Since the 1960s, when paraconsistent logic was established as atligjic sensi®
several developments have been made, most of them in connection witisyistems.’

To give an idea (although not a complete one) of some of these developtfitts,
us recallsomeof the most important events. In 1969, M. Fidel proved the decidability
of Cn, 1 < n < w, by algebraic methods (s¢£2§, and alsd124]). Another decision
method forCn, 1 < n < w, was presented by D. Marconi in 1980 using semantic
tableaux (se¢180). In 1987, W. Carnielli, after systematizing finite many-valued
logics through tableaux, approaché@d by this method, and also showed tl@t is
decidable (sef57]).

In 1970s, da Costa, Alves, Lopatand Arruda studied the semantic counterpart of
the calculiCy, 1 < n < w, later extended to the calci,* andD,, 1 < n < w (see
[20]). Da Costa and Alves’ work on the issue has been mentioned already. Although
the subject has not been discussed here, new hierarchies of calculi, constructed between
Cn andCn,1, n > 0, have also been introduced. Their semantics was studied by Alves
(se€el9]). We noted above that Alves has proved the decidability of da Costa’s proposi-
tional systems by the method of quasi-matrices. Later, Logmesented a two-valued
semantics and a decision methoddy (see[171], [172, and[173).

Arruda and da Costa have also axiomatized some paraconsistent systems that are
also relevant logics (sel21]). In their systemse A (@ — B) — B, the rules of
contraction, namelyy — (¢ — B)/a — gand ¢ — (@ — B) — (@ — p),
and the deduction theorem do not hold. These systems (daléed P*), as well as
their quantificational counterparts, are not finitely trivializable, are not decidable by
finite matrices, but can be extended to modal and tense logics, as these authors have
shown. Routley and Lopdristudied the semantic aspectsRyfas well as some of
its ‘dialectical’ extensions (s€221]). Arruda and da Costa have also developed the
systemsJ,, 1 < n < 5 (at the propositional and predicate levels), in which modus

16That is, with the development of (at least) first-order predicate calculus. This turning point is acknowl-
edged in general (see, for instanf232).

17Further details on these developments and references to the authors who have contributed to the subject
can be found i15], [16], [102], and[124].

18For further information, see the references just mentioned.
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ponens is not valid (sd&9]). These systems have been studied also by M. Bunder (see
[54]).

Based on Jkowski's ideas, D'Ottaviano and da Costa introduced a three-valued
propositional logicl; with two designated values, which turn out to be paraconsistent
(see[125]). Furthermore, D’Ottaviano presented an axiomatizatiodsofsee[121]
and[122), and studied the connections between this calculus and several others, such
as intuitionistic logic and tukasiewicz’s three-valued logic. The syslgmas further
studied by D’Ottaviano herself in other papers, where she introduced the concept of
Js-theories, and adapted and proved to the latter several results of model theory (see
also[123).

The algebraization of 3&owski’s logic was studied by Kotas, following the ax-
iomatic treatment given by da Costa, Dubikajtis and Kotas himself. In particular, Kotas
proved that the system is not decidable by finite matrices [(588). Other studies
related to Jakowski's logics have been developed[i81], [163, [164], [165], and
[179. Pinter’'s system that deals with ‘inherent ambiguity’ is a slight modification of a
Jaskowski logic (se¢208).

One of the main problems with regard to the algebraic study ofthagics is that
the only congruence relation @ is the identity relation, as shown by C. Mortensen
(see[190). Despite this fact, some algebraic approaches taCHsgstems, or their
extensions, were presented[ird], [72], [103, [227, [58], and[17d, as well as in
some of Beziau's works referred to below.

The fact that th&-systems do not enable substitutivity by equivalents is discussed
by I. Urbas (sed234)), who attempted to remedy this situation by extending these
systems with the addition of new rules. He then proved that these extensions do not
lead to systems distinct from classical logic, concluding that new hierarchies should be
constructed, where adequate equivalence relations can be formulated. The same prob-
lem regarding the impossibility of defining such equivalences in da Costa’s systems is
discussed by F& in[203, pp. 284].

Important contributions to PL have been made by J. €ZiBu in a series of works.

He started studying PL in the late 1980s, formulating a semantic€forHe also
axiomatized a sequent system . (This was a problem that A. Raggio tried to solve

in 1960s; se¢124].) Béziau also extende@; to a stronger systen};+, by replacing

the axiomsr® AB° — (@ ®p)°, whereo € {A, V, -}, bya®vp° — (@©p)°. As aresult,

he obtained more theorems as well as some of De Morgan laws. He then studied a non-
truth functional semantics for the stronger system (84B. Béziau also investigated

a general theory of negation (sEg2]), and argued that both classical first-order logic
and the modal system S5 can be viewed as paraconsistent systerf@5se&hese

last results led him to study a new theory of opposition, where a polyhedron replaces
the traditional square of opposition (4&3]).

The extension of first-order paraconsistent logic to set theory has already been dis-
cussed in section 3. This work was initiated by da Costa [8@0, and continued
by Arruda (sed13]). (For additional references and historical details, [4&4] and
[110.) Higher-order paraconsistent logics corresponding taCHsystems have been
presented in11], [83], and[84]. Semantics for paraconsistent systems containing de-
scriptions and Hilbert's-symbol have been discussed, respectively, by Abar[(d¢e
and Yamashita (se@37]). These authors have also shown how to develop a general
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theory of v.b.t.0. in the calcut’;,.

These developments are, of course, only part of what has been done in paraconsis-
tent logic. Despite the huge amount of work that has been produced in the area (which
we cannot, of course, even begin to summarize here), we still do not have a compre-
hensive introductory book on the subject. (A first introductory book on PL is Grana’s
[134; see alsd135; 136; 137; 13Bfor some of his ideas on the subject.) We will now
briefly comment on some other lines of research.

6.2 A taxonomy ofC-systems

Recently, thec-logics have been studied from dferent perspective. In ‘A Taxonomy

of C-systems’, Carnielli and Marcos presented an elaborate study of the foundations of
paraconsistent logics (s€&9]). In particular, the authors show how several classes of
paraconsistent logics can be distinguished from the point of view of general abstract
logic. They also put forward a new discriminating account of several logical principles,
such as the principle of non-contradiction and various forms of pseudo-Scotus (also
known as the principle of explosion).

The logics of formal inconsistency (LFIs) are then introduced as a large class of
paraconsistent logics in which the concepts of consistency and inconsistency can be
internalized. This allows Carnielli and Marcos to present a novel account of the notion
of consistency, and distinguish formally between the notions of contradictoriness and
inconsistency. While studying the general features of an important subclass of LFls —
namely, theZ-systems and th@C-systems — they show that most paraconsistent logics
can be seen as-systems(-logics), and explore their properties and shortcomings.

Developing further the work done [89], Carnielli, Coniglio and Marcos improved
some results and emphasized semantic and proof-theoretic aspects of the logics of for-
mal inconsistency (sek60]). The main LFI and one of its primary subclasses, the
C-systems, were also surveyed. A striking feature of LFIs is their ability to encode
classical logic, in the sense that LFIs are able to reproduce classical reasoning, de-
spite being subsystems of classical logic. T@&systems, a particular subclass of
the C-systems, are carefully discussed; particular cases include da COgteemd
Jaskowski's D2.

By adding new axioms to thdC-systems, the authors show that it is possible to
introduce a large family of logics by controlling the propagation of inconsistency. Ex-
ploring this possibility allows the definition of thousands of new logics. The paper
also emphasizes the semantic meaning of LFls, discussing in detail both the valuation
semantics for LFIs and the possible-translation semantics. Another kind of semantics,
the society semantics, is also addressed. Furthermore, modal extensions of LFIs and
their Kripke semantics are discussed, as well as some first-order LFIs. An entire sub-
section of60] is dedicated to proof systems, especially to the tableaux method; indeed,
tableaux proof systems for several LFls are provided. Several other issues, including
the dificulties of algebraizing LFIs, are also studied in both papers.

A further development of this approach is concerned with modal LFls. Given the
epistemic version of the normal logic KT, if we add to it the so-called verificationist
thesis, Aimplies that it is possible to know, it follows that ‘Aimplies thatkK A'. This
yields the collapse of the knowledge operator. This problem is known as the knowa-
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bility paradox, and it threatens any normal modal logic that expands KT by the alethic
thesis. Modal LFlIs are useful in the task of avoiding the knowability paradox, because
it is possible to add to the paraconsistent version of the modal logic KT the verifica-
tionist thesis without losing the modality, as showr{éd]. In this sense, modal LFIs

are able to avoid the knowability paradox while simultaneously recovering classical
reasoning with such logics.

6.3 Other directions

Several directions, other than those suggested by the development of da Cesta’s
logics, were also proposed to deal with inconsistencies. For instance, D. Batens ini-
tially studied paraconsistent systems related to dialectics[28be Later, he consid-
ered the case of inconsistency-adaptive logics, i.e. logics in which abnormalities are
inconsistencies, and presented two first-order inconsistency-adaptive logics, both from
the proof-theoretic and the model-theoretic points of view [&6kand[30]).

In 1979, Lorenzo Fa introduced a new kind of PL that resembled fuzzy logic
in certain respects (sd202; see alsd203; 204, where P&a’s ideas are developed
further).

Paraconsistent logic has also progressed in Australia and New Zealand, in part due
to the dfords of R. Routley, motivated by the connections with relevant logics. In
these logics, certain schemas and rules from classical logic, sueh-ag—a — B)
ande, -a + B, are not valid (se¢12], [224], and[227]). As a result, these systems
can also be used as the basis for inconsistent but non-trivial theories. Marconi gave a
precise formulation of the relation between paraconsistent logic and relevant logic (see
[179). From our point of view, most relevant systems are paraconsistent. Additional
contributions from Australia can be found in the works of Mortenkk90, Bunder
[53; 54, and Priest211; 213; 21P(see alsd214 for Priest’s view on paraconsistent
logics).

Another domain to which paraconsistent logic can be applied is dialectics. From a
historical perspective, dialectics may implicitly assume some system of paraconsistent
logic, since most dialectical views maintain that there are ‘real contradictions’, i.e., that
the actual world is contradictory. (For a basic antology on this subject136k)

We mention here the researches of da Costa and R. G. Wolf on the underlying logic
of dialectics — dialectics conceived according to the interpretation of McGill and Parry
(see[189)). The resulting systems, involving propositional and predicate levels, have
formal features analogous to tBelogics. But they are strictly stronger than the latter
(for details, se¢106 and[107).

In [5], S. Akama reappraises D. Nelson’s work on inconsistent systems from the
1950s (se¢199; 20Q). Taking Nelson as a forerunner of PL, Akama presents an in-
teresting study on Nelson’s ‘constructive’ PLAdditional developments of PL, more
closely related to applications, will be discussed in the next section.

19Akama claims that ‘da Costa did not appear to be familiar with Nelson’s system[%BeeHowever,
Nelson’s papef20d is listed in the references of da Costa’s seminal W6i#.
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7 Applications

7.1 Technology

As we discussed above, annotated logics were originally introduced by Blair and Sub-
rahmanian in the 1980s. These logics have been developed further and applied to sev-
eral fields, such as robot contrfd95, air trafic control[19€], control systems for
autonomous machines, defeasible deontic reasddifid, information systemg6]

and medicine. Here, we cannot do justice to all applications that have been devised in
recent years. But let us give a brief sketch of some of the recent developments in the
area.

A programming language, called PARALOG, was implementd@]init is a para-
consistent version of PROLOG, and it has been used to construct several computational
systems for planing data, vision systems, and to represent inconsistencigg)see

Furthermore, digital circuits, inspired in annotated logics, were introducks] to
accommodate incompatible signals. The authors suggest that this device may be useful
to develop more general electric circuits, as well as to articulate applications in logistic
and to decision procedures. Hardware devices are also under construction, motivated
by paraconsistent ideas. The so-calfetta-analyserenables scientists to handle un-
certainty, inconsistencies and paracompletenes{4be&everal other related devices
have also been constructed, leading to the first ‘paraconsistent robot’: Emni228kee
and[230).

Interesting applications are being developed in medicine: in the recognition of can-
cer cells, in Alzheimer illness, and in disfunctions of speech. These applications are
new, and they suggest that applied paraconsistent logics may have an extraordinary
role. Furthermore, in engineering, non-monotonic and defeasible forms of reasoning
have been represented in terms of paraconsistent logics, leading to the development
of softwares that are being used infti@ control — of trains, aircrafts, and cars (see
[192 and[193). The hardware counterpart has also been developed in the form of a
computer chip (seE197).

7.2 Informatics

Several types of applications of paraconsistent logics in informatics have been devised.
In this section, we will discuss some of them.

7.2.1 Epistemic inconsistencies in artificial intelligence

Paraconsistent logic has been used in the construction of models of ‘real life reasoning’
in artificial intelligence. This is part of the general problem of ‘practical reasoning’,
and is treated under the label of the ‘logic of appearance’. In all of these areas, we
find contributions by T. Pequeno, A. Buchsbaum, A. T. Martins, and their collabora-
tors (see, e.gl51], [184], [207, [62], and[205]). For example, they introduce the
notion of epistemic inconsistency, which refers to the existence of contradictory views
about the same situation (sg206]). These contradictions reflect the incompleteness
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(or vagueness) of our knowledge about the domain under study. In particular, the as-
sociation of this phenomenon with non-monotonic reasoning is explored. The idea is
to devise a logical system and the corresponding semantics that make these notions
precise and enable reasoning on these inconsistent views without trivialith2Ggpe

In [49], itis presented a proof method for automation of reasoning in paraconsistent
logic, using da Costa’s calculgs;. The method is analytical, and it employs a spe-
cially designed tableaux system. In fact, the authors present two tableaux systems. The
first, with a small number of rules, is used to prove the soundness and the completeness
of the method. The second, which is equivalent to the first, is a system of derived rules
designed to enhance computation@lcgency. A prototype based on the second system
was also &ectively implemented.

7.2.2 Other paraconsistent fuzzy systems

In addition to the systems connecting paraconsistent logic and fuzzy logic mentioned
earlier, Barreto and Ebecken presented some applications of PL in artificial intelli-
gence. They explored, in particular, the use of PL in the construction of paraconsistent
knowledge bases, implemented in fuzzy shells {24k [25] and[26]). It was shown

that it is possible to build paraconsistent knowledge bases in the Mathlab Fuzzy Logic
Toolbox, and that fuzzy shells are inconsistency-tolerant. Moreover, it has also been
shown that the ‘defuzzification method’, that plays an important role in paraconsistent
fuzzy systems, must be chosen according to the nature of the knowledge base in ques-
tion (se€l27]). In fact, the authors describe a particular defuzzification method in the
interpretation of a paraconsistent knowledge base.

These works provide only partial results for the handling of inconsistency in arti-
ficial intelligence (Al), and the authors insist on the need for investigating the prob-
lems of coherence and normalization of inconsistent and paraconsistent knowledge
bases, including their semantic aspects[28, the relationship between paraconsis-
tent knowledge bases and possibilistic logic is explored. Using possibilistic logic, it is
possible to accommodate inconsistent information by assigning to each piece of knowl-
edge a certain degree of paraconsistency, and by tracking the use of such pieces in the
derivation of new conclusions. This proposal seems to solve partially the problem of
normalization and the problem of knowing whether paraconsistent propositions in the
knowledge basefect the conclusions of the deductive processes where they are used.
The degree of paraconsistency and the tracking system help to indicate to what extent
the conclusions are thugfacted.

Furthermore, if24], the proof of the consistency between possibilistic resolution
and Zadeh'’s approximate reasoning theory is outlined. This is an interesting result for
Al, since it provides a theoretical base for the improvement offacient methodology
for reasoning in the presence of inconsistency. An interesting aspect of this methodol-
ogy is that it provides a possible model of human knowledge, where qualitative analysis
is needed. Examples of applications include medical diagnosis as well as juridical and
business decisions.
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7.2.3 The matrix connection method and paraconsistency

As is well known, W. Bibel's matrix connection method provides an alternative pro-
cedure for theorem proving other than the usual resolution techniqud44eand

[45]). This method was adapted and implemented in the particular case of an anno-
tated propositional paraconsistent logic by Kaestner, Krause, Musicante and Nobre
(see[152 and[166]). We will give here the main ideas of this approach, and highlight
some connections between annotated logic and computation.

We will be working, once again, in a propositional language with standard con-
nectives and other symbols. LA&tbe a non-empty, finite, ordered set of propositional
symbols. To each elemeate A, we associate a non-empty, finite lattifg. The
elements of/; are callecannotated constantand denoted by, v etc.

Definition 7.2.1 A ground literalis a triple (a, u, p), wherea € A, u € 75, andp €
{0,1). pis thepolarity of the literal. We will write either~ L or ~ L, to denote the
literal (a, u, 1), while eitherL or L, denotes the literala, u, 0). In general, literals will
be denoted b¥, L, M etc.

Let R be an alphabet afccurrencesor positions The elements oR are denoted
byr.

Definition 7.2.2 By induction, we define the conceptmbpositional matricesver
(A,R), denoted by the letted, E, F. Similarly, we define theisizes(F), their posi-
tionsQ(F) c R, and thedepths(r) of r in the matrixF, for anyr € Q(F):

a) For any literal L, and for anyr € R, the pair(L,r) = L' is a matrix with
o(L") =0, Q(L") = {r}, ands(L") = 0.

b) If Fq,...,Fn, n > 0, are matrices such tha@(F;) n Q(F;) = 0, fori # j and
1<i,j<n, thenthe seF = {Fy,..., Fy} is a matrix where:

(i) o(0) = 0, forn =0, ando(F) = 1+ X, o(Fi), forn> 0;
(i) QF) = Q(F1) V... U Q(Fp);
(iii) 6(r) = m+ 1, for anyr € Q(F;), 1 <i < n, wheremis the depth of in F;.

According to this definition, the atomic parts of the matrices are ground literals,
and in general, a matrix is a nested set of occurrences of literals.

Example 7.2.1Let us consideA = (a,b,c,d), associated with the elements of the
lattice FOUR (see figure 5.3), and |& = {0,1,2,3} be an alphabet of positions.
ThenL = (a,L,0)and~ M = (c, f,1) are ground literals, whilg{L°}, {~ M'}} and

{~ MO, {{L1}, ~ M?}} are matrices ove(A, R).

A matrix can also be viewed ast@ee, where some leaves are associated with lit-
erals. Figure 2 presents the tree corresponding to the second matrix of the example
above.

Definition 7.2.3 LetF be a matrix and, m € {0, 1}. The set oformulasF, represented
by F with respect tql, m), is inductively defined as follows:
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Figure 2: Representation of a matrix by a tree

() If Fis aliteral F = L" andl = 0, thenF = L.
(i) If Fis aliteral F = L" and| = 1, thenF =~ L.

(i) If F = {F1,...,Fn},n>0,and ifm= 1, thenF = A(F4,..., F,), where theF,
are formulas represented Wy with respect tql,0),i = 1,...,n.

(iv) If F = {F1,...,Fn},n> 0, and ifm = 0, thenF = V(F4,...,F,), whereF; are
formulas represented by, with respecttql,1),i=1,...,n.

Definition 7.2.4 A formulaF is positively representeloly a matrixF if it is represented
by F with respect td = m = 0. F is negatively representsilit is represented by
with respect td = m = 1. Apropositional formulas any formula represented by some
matrix. Formulas are also denoted By E, F, but this should not bring any confusion
with the notation above.

We use the following notation:

1. If n =0, A(Fy,...,Fy) is abbreviated by, while v(F, ..., F,) is abbreviated
by F.
2. Ifn=1, A(F) andV(F) are both abbreviated Hy.

3. If n > 2, thenA(Fy, ..., Fy) is aconjunction while V(Fy, ..., Fy) is adisjunc-
tion.
4. For any literal, the formula=*L is called ahyper-literal If L is a hyper-literal,

then—-KL = (a, =*(u), p), where- : 7, — 7, denotes some fixed function (that
gives the meaning to the negation), &id a multiplicity factor (a natural number).
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(K, {L,~ M}, {}}

m=0,1=0
L,~M

m=11=0 m=>1= m=11=0
L ~M

m=0,1=0 m=0,1=0

Figure 3: Positive representation®f= {K, {L, ~ M}, {}}

5. If F = A(Fg,...,Fp) andn > 0, then~ F = v(~ Fq,...,~ Fp).
6.If F =V(Fy,...,Fp)andn > 0,then~ F = A(~ Fyq,...,~ Fp).
7. For any formuld, ~~ F = F.

8. Any formula~ F v G is abbreviated by — G.

9. Any formula & — G) A (G — F) may be written a§ < G.

10. We also adopt the convention that the order of precedence decreases in the
sequence-, A, V, —, <. Parentheses, which are redundant given this convention,
may be deleted.

Note that ifF andG are formulas, ther(F — G) and- ~ F, for example, are not
formulas.

According to the conventions above, every well-formed formula (defined in the
standard way) determines a unique matrix. However, a matrix may represent more
than one formula.

Example 7.2.2 LetF = {K, {L, ~ M}, {}} be a matrix. The tree in figure 3 is the positive
representation oF.

Example 7.2.3 The formulaK AL - M, K -~ LVM, LAK — M are all represented
by {~ K%, ~ L2, M3}.

The results presented [i#4], chapter 2, remain applicable here, such as the follow-
ing:

e If a formulaF is positively represented by a matiik then~ F is negatively
represented biz.
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e Iftwo foImuIaslfl andF, are positively represented by the same mafrithen
F1 andF; are logically equivalent in the sense of annotated logics.

These results justify the use of matrices instead of formulas. The following example
justifies the namenatrix, that was first employed by Bibel (sé44]) and is also used
here (see alsf152).

Example 7.2.4 LetF be the formula
(KA~L->~N)AMA=L - (~NA~K)

whereK, L, M andN are literals. If we puf= in the disjunctive normal form (as usual),
we have:

(KA~LAN)V~ MV ~=LV(~NA~K)

This formula can be represented by a bi-dimensional arrangement, where the liter-
als, placed in a fixed column, are connected hy twhile the columns are connected
by ‘v, as follows:

K ~N
F= | ~L ~M ~-L
N ~K

With regard to semantics, let us first introduce the following definition:

Definition 7.2.5 An interpretationM is a function that associates to each proposi-
tional symbol, an element of a chosen lattice. By denoti@) = ua, we can write
(& b,c,...) > (ua, o, Mc - - -)-

We can now define the ‘truth valug(F) of a matrixF as follows:

o If Fisaliteral @, u,0), thenM(F) = T = {0} iff M(a) > u; otherwise M(F) =
F=0.

o If Fis aliteral @ u,1), thenM(F) = F = 0 iff M(a) > u; otherwise M(F) =
T = {0}.

e If Fis amatrixF = {Fy,...,Fn}, n > 0, thenM(F) = Up_; M(Fy) if m =0,
and M(F) = Ny M(Fy) if m=1.

We write M sat F (and alsoM sat F)iff M(F) = T, for a matrixF that repre-
sentsF.

Definition 7.2.6 A matrixF isvalid iff M(F) = T, for every interpretation. It is called
contradictoniff M(F) = F, for every interpretation.

Note thatF is valid iff ~ F is contradictory.
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— K ~N
~
F: ~|_ ~M+~ﬁL ~
N ~K _—

Figure 4: The pathK, ~ M, ~ =L, ~ K} through the matrix

Paths, Connections, and Validity

Definition 7.2.7 A paththrough a matrixF is a set of occurrences of literals, defined
as follows:

1.If F = 0, then the only path through is 0.
2. If F = L", then the only path through is the sefL"}.

3. fFF = {F,....,Fn,Fmut, .. .. Fmen), mn > 0, m+ n > 1, for m literals
F1,..., Fmand forn matrices that are not literal& ;. 1, . . . , Fmen, then for any ma-
trix E; € Fm,i, and for any pathp; throughE;, 1 < i < n, the set i1, {Fj}U UL, pi
is a path through-.

Example 7.2.5 Let F be the matrix of the Example 7.2.4.pa&th through- is a path
in the matrix from left to right, constrained to pass by the literals (that should be inter-
preted as ‘gates’), as shown in Figure 4.

Definition 7.2.8 The two literalsL = (a,u, p) and M = (a,v, q) are complementary
i
e p=0,g=1andv >y, or
e p=1,g=0andyu>v.
Definition 7.2.9 Connectionsre paths that have complementary literals as elements.

Example 7.2.6 Let 7, be the lattice FOUR~ K = (at,1), ~ L = (& f,1), M =
(a, T,0), and let the matrix = {~ K,~ L, M}. The (singleton) path throughk has
no complementary literals. In fact, neither K nor ~ L are complementary td/.
Alternatively, it syfices to see that £ tandT £ f, and henceM cannot be connected
by either~ K or ~ L.

Definition 7.2.10 We say that an ordered n-tup(e, .. ., un), n > 1, of non-comparable
elements off; is a decompositiorof u if u = W{ua,...,un} and there are no non-
comparable elementg, ..., u,} of 75 such thaty] < w andp = Ufy], ..., un}. We
note that this definition isfcient for small discrete lattices.

Example 7.2.7 Consider the complete lattice FOUR. Then the only decomposition of
the elementr are the element§, f}, and hence, the matrix of the last example now
isF = {~ K,~ L,{My, M2}}, whereM; = (a,t,0) and M, = (a, f,0). Note thatK is
complementary td1; andL is complementary tM,. Alternatively, note that< t and
f<f.
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Theorem 7.2.1 (Soundness and Completenes8)matrixF is valid iff every path through
F has a connection.

Proof: Adapted fron[44, pp. 30-31, by using induction on the size ofin the matrix
F.1

Checking the validity of a formula In our setting, the theorem proving technique
consists in developing the following items:

a) First, we construct a matrix containing a goal and all the premises (or knowledge
base).

b) We then check this matrix for validity.

Suppose that we have a set of formulas {Fi,...,Fn} and a quenG. Then, to
determine whethe® is a semantic consequencelgfwe should verify that the matrix
provided by (\!'; Fi) — Gis valid.

The paraconsistent component appears in this procedure given our definition of
complementary literals. In this case, the existence of both a literal(a, u, p) and
its ‘negation’-L = (a, —(u), p) is not a sifficient condition to guarantee the existence
of complementary literals in the path (see the definition 7.2.8). This illustrates the key
ideas of the ‘paraconsistent program’ (§@d]). Note that to obtain a proof of the
query, it is necessary that all paths of the matrix\_; Fi) v G have connections.

This implies the existence of complementary literals in every path.

A case study Consider the construction of a simple medical system, aimed at diag-
nosing three diseasts L andM. Let us suppose that there are twiiglient symptoms,
denoted byN andO. The intended usage of the system can be described as follows:

(i) The core part of the system is the knowledge provided by a dobtocy).

(ii) Before applying this knowledge to a specific patient, say Paul, the pathologists,
X-ray technicians and other professionals who conduct medical tests on Paul add
the results of these tests to the knowledge base.

(i) To use the system, we submit a goal to the program similarly to what is done
in PROLOG.

Usually, in the system, the main knowledge base described above is kept in one
file, while each patient’s records are maintained in a separate file (or possibly as a
record in a given file). The main knowledge base and this file (or its record) are merged
together to form an updated knowledge base. The latter is then used in the program
that diagnoses the patient’s disease.

We assume that the system is written as a finite set of annotated formulas over
FOUR. Suppose also thBOC; provided the following five rules (formulas):
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Kt L Kt NN O ~N K
~Li ~Kf ~M ~Ky ~ L Lt

Figure 5: The matrix of the formulB; A Fo A F3 A F4 A Fs A Nt — (Ki A L)

(F1) Ki—Lg
(F2) Li— K
(F3) Ki— M
(Fa) Ni— K
(F5) Oi— Lt

Intuitively, the doctor is asserting that:
e An individual cannot have both diseag€sandL. (F; andF;)
o If an individual has the diseas€ then he has the diseabk (F3)
¢ If an individual has the symptom, then he has the diseake (F4)
o If an individual has the sympto@, then he has the diseakse(Fs)

To exemplify the use and behavior of the program, we describe three situations. The
first is similar to asking a query to a PROLOG program, while the other two explore
the capacity of our method to handle inconsistencies:

Case 1. Suppose that the pathologist tell us that Paul was tested positively for the
symptomN. And we want to know whether Paul has the disggsbut notL.
To answer this query, we must verify whether the matrix of the formula

Fl/\Fz/\Fg/\F4/\F5/\Nt—>(Kt/\Lf)

is valid.

First, we transform the formula into its disjunctive normal form, and then into
its matrix form. The result of this process is shown in Figure 5. Now we must
check whether all paths in this matrix are complementary. Note that the first path
{Ks, Lt, Ki, Nt, O, ~Ng, K¢} has as complementary literds and~N;. And it is easy to
see that all paths in this matrix have complementary literals. Since the matrix is valid,
we conclude that Paul has the diseEséut notL.

Case 2: Suppose now that the pathologist determined that Paul was tested positively
for symptomsN andO. And we want to know whether Paul has both disedsesd
L.

To verify this query, we must check whether the matrix of the formula

FiIANFoAF3AF4AFS AN A O — (Ki A L)

is valid.



Paraconsistent Logics 91

Following the same procedure used in the first case, it is easy to see that the matrix
for this formula is valid. We conclude that Paul has both diselsasdL.

Note that this conclusion is in contradiction to wHDC; said: see the formulas
F, andF, above. The reason for this conclusion is that the information given by the
pathologist is in contradiction with that provided by the doctor. In a classical logic
setting, this contradiction would make the knowledge base trivial (all formulas in the
language could be derived from the knowledge base). In our case, the inconsistency
is limited to the literalK andL; any atomic formula containing these literals can be
proved.

Case 3: The previous example shows an inconsistent knowledge base, used to derive
an inconsistent formula. The system, however, can handle inconsistencies in a non-
trivial way. Let us exemplify this situation using the same set of symptoms as in Case 2
to determine whether Padbes not haveéhe diseasé. The latter condition can be
written asM¢. So, the new situation is described by the following formula:

FINFoAF3AFAAFs AN AO — Mg

Following the evaluation procedure once more, we verify that the matrix for this
formula isnot valid

The last two queries show that our method can deal with inconsistencies in the
knowledge base without every formula becoming derivable.

Implementation Issues In [16€], an implementation of our method, using Standard
ML Language[188, was described. But this process is not discussed here for reasons
of space.

The ideas presented here can be used to model reasoning made by an intelligent
agent that admits contradictory information. We believe that a system with this feature
is more robust than the traditional ones. After all, the system keeps the inconsistency
within a subset of its formulas, withoutfacting other parts of the knowledge base.

7.2.4 Inductive paraconsistent logic

Science does not use only deductions, of course. It is natural to ask then whether we
can build ‘non-classical inductive logics’ on a pair with non-classical deductive logics,
to develop systems especially in artificial antelligence (Al). John Pollock, who has been
investigating several aspects of defeasible reasoning in Al, notes that:

A common misconception about reasoning is that reasoning is deducing,
and in good reasoning the conclusions follow logically from the premisses.

It is now generally recognized both in philosophy and in Al that non-
deductive reasoning is at least as common as deductive reasoning, and
a reasonable epistemology must accommodate @09}

The literature on non-deductive forms of reasoning presents various systems of
computational tools devoted to non-monotonic and defeasible reasoning (see, e.g.,
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[205 and[209, to mention just two works). A particularly ficult task for Al ex-

perts is to improve Al systems so that the latter can ‘reason’ and ‘make inferences’
from vague propositions, as we humans usually do. These propositions are such that
we cannot, in general, assign with certainty one of the two truth-vatuesor false
Frequently, our (human) reasoning is performed by attributing only a certain ‘degree
of confidence’ as to whether the propositions in question are true or not. Suppose, for
instance, that we are visiting a foreign country, and our informant gives us a vague
information about the location of a certain building. (Perhaps our informant is also
not sure about the right geography of the city.) We ‘believe’ in the information with a
certain degree of confidence, and ‘decide’ the way to be taken.

We will outline now of a way of accommodating such ‘degrees of confidence’ in
terms of paraconsistent logic. The result is fiedent process of dealing with vague-
ness, which, we believe, may be of interest to Al researchers. Our main motivation is,
of course, to handle vague information mechanically. But, in this section, we will limit
ourselves to the description of a vague inductive logic that, we hope, will be useful in
the mechanical treatment of inductive information. Further developments should lead
to the development of expert systems based on the proposal below. (The main ideas are
from [98].)

First, we need to specify in what sense we are using the word ‘inductive’ in ‘induc-
tive reasoning’. We take asductiveany reasoning such that the truth of the premises
does not entail necessarily the truth of the conclusion. Instead, the conclusion should
be regarded as ‘plausible’ in light of the premises. There are ways of measuring this
‘plausibility’, but we need not discuss this issue here (for details[z@

Our question then is: is there an ‘inductive’ paraconsistent logic? Positive answers
were given, from dferent perspectives, 174 and[98]. In the latter work (which
will be our focus here), an ‘inductive annotated system’ was developed to deal with
vagueness and degrees of confidence. The idea is that, when we face situations of
vague information, such as the one about locating a building in a foreign city, we
should opt for the more prudent alternative, according to a ‘warning rule’. This rule
tells us to be cautious in attributing degrees of confidence. In particular, we should not
accept conclusions with degrees of confidence smaller than those of the premises. This
is motivated by a rational stance, since a significant feature of rationality is the attempt
to optimize our rational degrees of confidence in the propositions we are concerned
with.

The proposal is to extend the common way of using arguments by accepting that
some propositions are vague. For instance, ‘Peter is smart’ is a vague proposition.
However, we still assign a degree of confidence in the truth of these propositions.
In other words, we believe ‘Peter is smart’ with some degree of confidence. Peter's
mother may have a great confidence in such a proposition, but his teacher may be not
so confident. The degree of confidence can be interpreted as the amount of confidence
someone has in the truth of a proposition.

To accommodate these two concepts, namely, vagueness and degree of confidence,
we use the resources of annotated logics.

Let us call7, a propositional logic whose language has the following categories
of primitive symbols: (a) a countable set of propositional letters, which stand for
propositions (we usk, Q, ... as syntactic variables for propositions); (b) the elements
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u,...,u11,...of acomplete lattice ordered by<, which are calledhe values of vague-
ness (c) the usual logical connectives,(A, v, —), as well as (d) auxiliary symbols
(parentheses).

The concept oformulaof 7 is introduced in the following way:

(i) If Pis a propositional letter and € 7, thenP : u is a formula of7, (atomic
formula).

(ii) If « andp are formulas, thera, a A B, a V B8, @ — B are formulag?®

(i) Every formula is obtained only from the two clauses above.

Intuitively speakingP : u means thaP is true with degree of vaguenegs Note
that we are assigning degrees of vagueness to atomic formulas only, and not to formulas
in general. So, expressions such as:

(P:u) vV(Q:u)ip (12)
arenotwell formed in our system.
Definition 7.2.11
(i) If Pis a propositional letter ang € 7, then:

(@)-°P: u meansP : u
(b) =P : y means-(P : u)

(c) =*P : u means~(-*"(P : u)), wherek is a natural numberk # O.

(i) Let~: 7 — 7 be a fixed mapping' From now on, we will write- i instead of
~ (u). If u € 7, then:

(@) ~%u meansu
(b) ~*u means~ u

(c) ~Ku means~ (~*1 i), wherek # O is a natural number.

Expressions such @ : u are calledannotated atomswhile —*(« : ) arehyper-
literals of orderk (k > 0). The other formulas are calledmplex

2y « Bis introduced in the standard way.

21The specific definition of this mapping depends on the particular application. For instance, if we take
to be the unit interval [QL] € R and~ (X) =¢ef 1 — X, the introduction of ‘fuzzy’ ways of reasoning can be
performed within the scope of annotated logics (de]).
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Semantics Let r be the complete lattice above with least elemenand greatest
elementT. Leth : ¥ — 7 be a mapping, called anterpretationof 7., whereP
is the collection of propositional letters @f.. The image of the propositioR by the
mappingh will be denotedP : u, whereu € 7. Informally speaking, as we noteH,: u
means thaP is true with degree of vaguengssTo each interpretatioh, we associate
avaluationv, : # — {0, 1}, where¥ is the collection of formulas of ; defined
above. Intuitively speaking, 1 and 0 stand for ‘true’ and ‘false’, respectively.

Particular applications may demand appropriate choices of the complete lattice.
Here, to accommodate the case studies mentioned above, we will be concerned with a
particular finite, linearly ordered set= {uy,...,us} (with gy < --- < uy) to express
the distinct degrees of vagueness of a proposition. But, clearly, the approach presented
here is quite general.

Definition 7.2.12 Leth andv;, be as above. Ld® be a propositional letter, and let
andg denote formulas. Then:

(i) va(P: ) = Liffu < h(P).

(i) Va(=%(P : 1)) = Va(=*"X(P :~ p)), wherek # 0.

(iit) vn(a A B) = 1iff Va(a) = Va(B) = 1.

(iv) Vh(a vV B) = Liff V(@) = 1 or vh(B) = 1.

(V) Vh(a — B) = Liff eithervy(a) = 0 or vy(B) = 1.

(vi) If @ is a complex formula, thew,(-a) = 1 iff va(@) = 0.

If vo(@) = 1, we say thav, satisfiesy, and that it does not satisfyotherwise (that
is, whenv,(a) = 0). If I"is a set of formulas, then we say that a formulia asemantic
consequencef (the formulas of)[', and writel" = «, iff for every valuatiorv, such
thatv,(B) = 1 for eachB € T', vp(@) = 1. A formulaca is valid iff @ = @, and in this case
we write E a.

As usual, we say that a valuatiopis amodelof a set of formulag iff vy(8) = 1,
for everyB e I. In particularv, is a model ofx iff vy(a) = 1. Other concepts, such as
maximal non-trivial sets of formulas, are defined in the usual way.

The postulates of7. If a, 8, andy are formulas and is a propositional letter, then
the postulates (axioms plus inference rulesy pare the following??

(11) All the postulates of classical positive logic.

(12) If @ andpB are complex formulas, then the following is an axiorw. & 8) —
(@ = —p) = —a).
(13) If @ is complex, thermr v -« is an axiom.
(14) If  is complex angB is an arbitrary formula, thea — (-a — ) is an axion?®
(I5) P : 1 is an axiom?*
22These postulates are adapted fridrhé and[108g.
23In other words, classical logic holds for complex formulas. The presence of inconsistencies will be

allowed at the level of atomic formulas only (d6€.6).
24The technical reason for using this axiom is thgP : 1) = 1 iff h(e) > 0, which is always true.
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(Ie) If A<y, thenP:u—P:2
(17) =K(P: ) & =KYP :~p), if k # 0.
(18) Let a be an arbitrary formula. In this caseaf— (P : y), i € |, thena — (P :

| lies wi)- If 7 is a finite lattice, then this axiom may be replaced by the following one
(see[114):

n
P:,ul/\.../\P:,un—>P:|_|,ui (13)
i=1

The syntactic concepts df, are introduced in the standard way, as well as, in
particular, the symbol of deduction(see[116]).

We can prove the soundness and completeness of thedogidth respect to the
semantics described in the previous section, and we will outline the result below. Let
us first introduce a definition:

Definition 7.2.13 (Strong Negation)
=@ =gef @ = (@ = @) A =(@ = @)) (14)

Itis easy to prove that* has all the properties of classical negation. Hence, classi-
cal laws hold whemn* is used instead of in the formulas of our system. For instance,
reductio ad absurdup{e — B) — ((@¢ —» —=*8) — —*a), is a theorem of ., and so is
excluded middleg v —*@. Note that we can also show thatifis a complex formula,
then-a < —*a is valid (see the theorem below). However, this does not hold for
formulas in general. For instance,(fis a hyper-literal, themQ < =*Q is not valid
in general (se€l114).

Other results are the following:

Theorem 7.2.2
(i) T, a + B, thenI' - @ — B (deduction theorem).
(i) f T +aandl' - @ — B, thenl' + B
(i) aABra,aABrB,a,BraAB
(VyaraVvp,BraVvp
(V)T,a+yandl,B+ vy, thenl,a v B + y (proof by cases)
(Vi) I',a + Bandl, a + =*B, thenI' - —*a (reductio ad absurdum)
(i) a,="a + B, 7" ="+ a,a + 2" ="
(viii) If @ is complex, them*a < —a.
(iX) (@ : pidier F @ Llier pi

(X) If T + @, thenI' E « (soundness theorem).
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To prove the completeness theorem, we need a few definitions and results.
Definition 7.2.14
® [ =gt {a:TFa)

(i) Tis trivial iff T = F, where¥ is the set of formulas of,. Otherwise[ is
non-trivial.

(iii) T is inconsistentff there existsr such that botly and - belong tol. Other-
wise,I' is consistent

(iv) T is strongly inconsisteniff there existsr such that bottw and -"a belong to
I'. Otherwise[ is strongly consistent

It is easy to see thdt is strongly inconsistentiiit is trivial, and thatl" is strongly
consistentff it is non-trivial. Furthermore, for a suitable choiceofwe can prove
that there exist inconsistent but non-trivial sets of formulas, which are still not strongly
inconsistent (se¢104]). So, the logicT, is paraconsistent. This means that there
exist interpretation$ and formulasae such thatvy(@) = wy(—a) = 1. But we can
also prove that for a certain there are formulag and interpretation$ such that
Vh(@) = wy(-a) = 0. So,7, is also a paracomplete logic. These results are treated in
detail in several papers listed in the References (see[&1§,and[104]).

Lemma 7.2.1 Every non-trivial set of formulas is a subset of some maximal non-trivial
set of formulas.

Proof: See[116 and[104 1

The completeness theorem results from the following lemma:

Lemma 7.2.2 If I is a maximal non-trivial set of formulas, then its characteristic func-
tion yr : ¥ — {0,1} is a model off’; that is, this mapping is a valuation such that
xr(B) =1, foreveryg eT.

Proof: The idea is to define, for a given interpretationa valuationvy, in such a
way that the rules of; are ‘preserved’. This means that, givEnwe may define
h: £ — 7 such that for every propositida € P,

h(P) =qer | |l : i €T) (15)

It is not difficult to prove that the valuation generated by this interpretation coincides
with the characteristic functiopr.l

As a consequence, we have the completeness theorem:
Theorem 7.2.31If T E «, thenI + a.

Proof: See[104] and[116 1
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Degrees of confidence We will sketch now aheory of confidencevhich enables us
to assign degrees of confidence to propositions, even to vague ones. Our degrees of
confidence are in general only qualitative, characterized by the elements of an appro-
priate lattice with least and greatest elements. In abstract terms, degrees of confidence
are elements of a lattiae, and are assigned to the formulas of the languagerhen
the propositional variables are interpreted as denoting vague statements (in the sense
discussed above).

Let o be a lattice with least and greatest elements, denoted respectively apd
Ts. The algebraic lattice operations are represented éydLi, and the corresponding
partial order by<. Let ¥ be the set of formulas of the logiC;, and lete andp denote
arbitrary annotated propositions. We then define the mappingF — o, which
satisfies the following postulates:

(CL)Cla A —*a) =L s
(C2)Cla Vv —*a) = T

(C3) C(Viel @) = Llies C(ai), wherel is finite.
(C4) C(Aie @) < Mier Cai), wherel is finite.
(C5) If - « & B, thenC(a) = C(8).

Any mapping such aS§ is called aconfidence functiarDepending on the applica-
tion under consideration, we can extend the postulates above. For instance, we can add
the following ones: (i) it @ — B, thenC(a) < C(B), and (ii) C(e) LU C(—=*a) = T~.

Our proposal is to combine the concept of vagueness with that of confidence, that
is, the logict, with the operatoC. This is similar to the introduction of probability
measures in a classical system of the probability calculus. Obviously, an ‘algebra of
confidence’, as we suggest here, extends the classical case of subjective measure of
probability, defined on Boolean algebras of propositions. Moreover, our procedure
also encompasses Zadeh's theory of possibility [28€ and[124)]).

When the degrees of confidence reduce to strict degrees of belief (that is, to sub-
jective probability), they can be handled in the standard way, following the rules of the
Bayesian probability calculus. In the more general case, it is important to strengthen
our system with additional rules. In particular, we add the following warning rule (note
that, below, we writeP : i : A for C(P : u) = 2):2°

[Warning rule]

PiwitAi, Pruj:4
Pi,uil_l,uji/lil_l/lj

(16)

I" stands for the set of contextual conditions, which provide the basis for the application
of the rule. These conditions are accepted as true.

25Note also that, to state the rule, we used for simplicigndL to denote the algebraic operations in both
latticest ando-. This should not cause any confusion.
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The warning rule has an intuitive appeal, and provides a tool to deal simultaneously
with vagueness and degrees of confidence. Some inductive rules, such as those of in-
duction by simple enumeration and analogy (88), complemented by the approach
to vagueness and the degrees confidence suggested here, are also useful to reinforce
the logic we are trying to build. Similarly, the methods of the theory of possibility can
be useful here.

We designate the resulting system of inductive logid byOur main goal is to use
an appropriaté, to the mechanization of inductive inferences, say in robotics and in
the theory of expert systems. Let us outline how this can be done by considering a
simple example.

Suppose an insurance company needs to provide a way of classifying people into
disjoint classes by age. For instance, the company needs to distinguish young from old
people to diferentiate among several prices for insurance premiums. The company will
run a series of interviews to determine the age of the interviewees. Suppose also that
the company decides to classify people in foufatent categories(;) ‘young’ (less
or equal to 25 years old)Cg) ‘not so young’ (less or equal to 35 years old, and more
than 25); C3) ‘not so old’ (between 35 and 45 years old), a@i)(‘old’ (more than
45 years old). Furthermore, suppose that the government decided to pay for insurance
services also for people who don't have birth certificates, and in some cases, who don't
know precisely their age. The hard and poor conditions of life these people face may
confuse the interviewers if the latter try to attribute precise ages to the interviévees.

As a result, the information provided by the interviewers may be considered, in
some cases, as not completely precise. For instance, intervieweay report to the
company his belief that John seems to be ‘not so old’ (that is, it seems to the inter-
viewer that John has an age between 35 and 45 years). Similarly, the interviewer may
report that Paul looks ‘not so young’. In other words, John and Paul were classified
as satisfying, respectively, the predica@sandC, above. But the interviewer is not
completely sure about the correctness of the classification. If John and Paul have their
birth certificates, in principle there would not be a problem as to how to deal with the
information. After all, the interviewer’s judgment about the age of each interviewee
can be double checked.

Suppose, however, that neither John nor Paul have their birth certificates. How
should we to deal with this situation? Since the attribution of age cannot be done
with precision, the interviewer can adopt one of the following two alternatives: (1)
to classify John as ‘old’ and Paul as ‘not so young’, or (2) to classify John as ‘not
so old’ and Paul as ‘young’. Several factors are involved in the choice between these
two options. They include: the expertise of the interviewer (that is, her experience in
the job); the interviewer’s interest in the defense of a particular policy; or an ‘external
recommendation’, for instance, the company’s interest in classifying people in certain
classes of ages so that the due premium prices are the highest possible (in this way, say,
the company will receive more money from the governméht).

Humans in general go around situations of this kind by accepting some (perhaps
ad hog criterion. For example, they may decide what to do by adopting some rule

26This situation is not uncommon in developing and poor countries.
270f course, the situation could be precisely the opposite.
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more or less arbitrarily, or by deciding on a case by case basis. But what happens if
the situation should be handled by an expert system? In this case, is it possible to keep
the system with the capacity of dealing with propositions to whidfedint ‘degrees

of confidence’ are attached to? Or is it possible to follow an insurance policy wherever
it takes to express the ‘confidence’ in the information provided by an interviewer?

Let be a linearly ordered set= {us, ..., us} that is also a complete lattice (where
ui(=1) < ... < pg(= T)). Suppose that two interviewéfsgive as inputs : u, and
P : u3, and suppose thét stands for ‘John is old’. Then, according to the example we
are discussingP : u» means ‘John is not so young’, whil : u3 says that ‘John is
not so old’. More precisely, the first interviewer has classified John as having an age
between 25 and 35 years, while the second interviewer admitted that he is between 35
and 45 years old.

To attach a certain value to John’s taxes, an expert system may follow a rule such
as this: LetC,...,C4 be the classes of ages in the example abbvease of doubt as
to whether someone belongs to a cl&®r Ci, 1, classify hirher as belonging to the
classC;. So, in the case above, John would be considered as ‘not so young’, and then
his due taxes would be supposed to be smaller than if he were classified as being ‘not
soold'.

The choice ofP : u, can be interpreted as resulting from the application of the
warning rule. After all, we assigned the greater degree of confidence to the vaguer
proposition. In other words, recalling the convention made when we stated the warning
rule, if we writeP : uy : A, for C(P : up) = Ao andP : uz : A3 for C(P : u3) = A3, then
we can say that from the ‘premissd®’ u, andP : u3, we arrived at the ‘conclusion’

P : u2, which has greater degree of confidence. This can be expressed by saying that
the ‘conclusion’ isP : up Mpus : A2 U A3. (Note thatr is a linear lattice in which
M2 Mg = pi2.)

Roughly speaking, the warning rule insists that an expert system, elaborated to
accommodate vagueness and equipped with degrees of confidence, when faced with
situations such as the one considered, should opt for the more prudent option. This is
a perfectly rational move. After all, as noted above, rationality involves the attempt to
optimize our rational degrees of confidence in the propositions under study, but with
the caution of not taking conclusions with degrees of confidence smaller than those
attributed to the premises.

7.3 Foundations of physics
7.3.1 Logic and physics

During the International Congress of Mathematicians, held in Paris in 1900, David
Hilbert presented a list of 23 Problems of Mathematics that, in his view, should occupy
the dforts of mathematicians in the following century. To solve one of these problems
was to achieve something extraordinary in mathematics, and several Fields medals
were awarded for this kind offéert. The sixth problem of Hilbert’s celebrated list
dealt with the axiomatization of physical theories. Hilbert proposed ‘to treat in the

28This number can be generalized, of course.
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same manner [as Hilbert himself had done with geometry], by means of axioms, those
physical sciences in which mathematics plays an important paa7).

In the 20th century, much was done in this direction, continuing ffeete already
developed in the previous century. There have also been a parallel development of
logic in the 20th century, and the development of non-classical systems, linked to some
philosophical views about science and the presentation of scientific theories, such as
that one of the logical empiricists, with emphasis in logic and language. These de-
velopments forced philosophers to acknowledge that underlying the axiomatic version
of a scientific theory, there are also logical postulates (often of a higher-order logic
kind), which provide the grounds for the theory’s deductive and mathematical counter-
parts. Roughly speaking, we can think as ‘logical’ those postulates of first-order logic
(with identity), while the ‘mathematical’ postulates can be those of a set theory, such
as Zermelo-Fraenkel. (Of course, alternative approaches can also be developed, but we
will not discuss this point here.) In this framework, logic plays an important role, and if
there are reasons to suspect that some logical system, other than classical logic, should
be used to axiomatize a certain domain, its details must be made explicit.

For example, discussions about the relationship between logic and quantum physics
tend to relate the subjects with so-called ‘quantum logics’. This is a field that has its
‘official’ birth in Birkhoff and von Neumann’s well-known paper from 1936. This is
completely justified, for this fundamental work led to the development of a new field of
research in logic. Today, there are various ‘quantum logical systems’, including some
paraconsistent quantum logics (4¢&d, [119, and[120). However, these systems
have been studied especially as pure mathematical systems, far from applications to the
axiomatization of the microphysical world and from the insights of the forerunners of
gquantum mechanics.

Of course, the axiomatization of a given empirical theory is not always completely
determinate, and the need for a logic distinct from the classical as the underlying logic
of quantum theory is still an open question. The axiomatic basis of a scientific the-
ory depends on several aspects of the theory, some more explicit than others, that are
needed to take into account the theory’s structure. For instance, Ludwig studies an
axiomatization of quantum mechanics based on classical logid{3€B. All such
approaches, from those that use a paraconsistent logic, or some other kind of logic, to
those of Ludwig, are in principle acceptable. After all, they providBedént perspec-
tives to the same domain of discourse, and sufflerdint ‘perspectives’ of a domain of
science may demand distinct logical apparatuses. This is a philosophical stance radi-
cally different from the classical, and it is against the idea that there is only one logic —
classical logic.

As we noted in the Introduction, the possibility of using non-standard logical sys-
tems in the foundations of physics — and, more generally, in the foundations of science
— does not entail that classical logic is wrong, or that quantum theory, in particular,
needsanother logic. Physicists are likely to continue to use classical, informal logic
in the near future. But we should realize that other forms of logic may help us to un-
derstand better certain aspects of the quantum world that may not be so easily treated
by classical means. (An interesting example is the concept of complementarity, which
can be studied very naturally in a non-classical context.) Of course, only in the future
it will be decided (if at all) whether the use of non-classical systems in science should
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(or should not) be preferred to the development of theories in a ‘classical’ framework.
Clearly, any such decision will involve significant pragmatic factors.

To summarize our proposal, we do not believe that there is only one ‘true logic’, and
we think that distinct logical systems systems, such as those provided by paraconsistent
logic, are useful to approachftérent aspects of such wide domains of knowledge, such
as quantum theory. The important point is scientists should be open to the justifiable
revision of concepts (including logical ones). This point was very lucidly emphasized
by Niels Bohr, who wrote:

For describing our mental activity, we require, on the one hand, an ob-
jectively given content to be placed in opposition to a perceiving subject,
while, on the other hand, as is already implied by this assertion, no sharp
separation between object and subject can be maintained, since the per-
ceiving subject also belongs to our mental content. From these consid-
erations, it follows not only the relative meaning of every concept, or
rather of every word (the meaning depending upon our arbitrary choice
of viewpoint), but also that we must, in general, be prepared to accept
the fact that a complete elucidation of one and the same object may re-
quire diverse points of view that defy a unique description. Indeed, strictly
speaking, the conscious analysis of any concept stands in a relation of ex-
clusion with its immediate application. The necessity of invoking a com-
plementarity, or reciprocal, mode of description is perhaps most familiar
to us from psychological problems. In opposition to this, the feature that
characterizes the so-called exact sciences is, in general, the attempt to ob-
tain uniqueness by avoiding all reference to the perceiving subject. This
effort is found most consciously, perhaps, in the mathematical symbol-
ism that presents for our contemplation an ideal of objectivity for whose
achievement scarcely any limits are set, as long as we remain within a self-
contained field of applied logic. In natural sciences, however, there can be
no question of a strictly self-contained field of application of the logical
principles, since we must continually expect the appearance of new facts,
the inclusion of which within the boundaries of our earlier experience may
require a revision of our fundamental concepitisid()

7.3.2 A case involving paraconsistency

In this section, we will discuss, as an illustration, how paraconsistent logic can be used
to approach what we call ‘complementarity theories’. These theories are based on
Bohr's view on complementarity, a concept he introduced in his famous ‘Como Lec-
ture’, in 1927, although the basic ideas go back to 1925. The consequences of his views
were fundamental, particularly to the development of the Copenhagen interpretation of
guantum mechanics, and they constitute, as is largely recognized in the literature, as
one of the most significant contributions to the development of quantum theory. How-
ever, we are not making an exegesis of Bohr's ideas, for, as is well known, they are quite
controversiaP® Rather, we will use a particular understanding of the notion of comple-

29For references and further discussion of this particular poinf4geand[99].
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mentarity to provide the basis for defining a general class of thea@i¢isgories). As
will become clear, the logic of such theories is a particular paraconsistent logic, called
paraclassic

Roughly speaking, we say that a thedradmits a complementarity interpretation,
or thatT is aC-theory, if T encompasses ‘true’ formulasandg that are ‘mutually
exclusive’, in the sense that their conjunction yields a contradiction if classical logic is
applied. More precisely, let be the symbol of deduction of classical logic. We say
thatT is aC-theory if there existy such that ife andg are complementary, we have
(inT) «,B +y A —y. Of course, if the underlying logic oF is classical logic, sincé
involves complementary propositiong,js contradictory, or inconsistent.

Let us callC an axiomatized system for the classical propositional calculus (the
developments presented here can be extended to quantification). The concept of de-
duction inC is the standard one. We use the symbad represent deductions @.
Furthermore, the formulas & are denoted by Greek lowercase letters, while Greek
uppercase letters stand for sets of formulas. The symhols, A, v and«< have their
usual meanings, and standard conventions in writing formulas will be also assumed
without further comments.

Definition 7.3.1 LetI" be a set of formulas @, and lete be a formula (of the language
of C). Then we say that is a (syntactic)P-consequencefT’, and writel” +p a, if and
only if

(P1) aeTl,or
(P2) ais a classical tautology, or

(P3) there exists a consistent (according to classical logic) sulAset I such that
A+ a (in classical logic).

We call+p the relation ofP-consequence

Definition 7.3.2 P is the logic whose language is that@fand whose relation of con-
sequence is that ¢&f-consequence. This logic will be callpadraclassic

It is immediate that, among others, the following results can be proved:

Theorem 7.3.1

1. If @ is a theorem of the classical propositional calculdsand if T is a set of
formulas, thed” +p a; in particular, +p a.

2. If T is consistentaccording toC), thenl" + « (in C) iff T +p « (in P).
3. If"' +p @ andifl’ C A, thenA +p a. (The notion oP-consequence is monotonic.)
4. The notion oP-consequence is recursive.

5. Since the theses Bf(that is, valid formulas oP) are those ofZ, P is decidable.
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Definition 7.3.3 A set of formulag” is P-trivial iff T +p «, for every formulax. Oth-
erwise,I' is P-non-trivial (Similarly, we define the concept of a set of formulas being
trivial in C.)

Definition 7.3.4 A set of formulag” is P-inconsistenif there exists a formula such
thatI’ +p @ andI” +p —a. Otherwise[ is P-consistent

Theorem 7.3.2
1. If @ is an atomic formula, theh = {«@, ~a} is P-inconsistent, buP-non-trivial.

2. If the set of formulaF is P-trivial, then it is trivial (according to classical logic).
If " is non-trivial, then it isP-nontrivial.

3. If T is P-inconsistent, then it is inconsistent according to classical logi€. i
consistent according to classical logic, thErs P-consistent.

A semantic analysis oP, for instance a completeness theorem, can be obtained
without difficulty, as indicated ih105. Note that the sefx A —a}, wherea is a propo-
sitional variable, is trivial according to classical logic, but it is Petrivial. However,
we are not suggesting that complementary propositions should be understood necessar-
ily as pairs of contradictory sentences. This is made clear by the following definition:

Definition 7.3.5 (Complementarity Theories orCny-theories) A C-theoryis a set of
formulasT of the language of (the classical propositional calculus) closed by the
relation of P-consequence, that ig, € T, for anya such thafT +p . In other words,

T is a theory whose underlying logic B. A Cmp-theoryis a C-theory that satisfies
additional meaning postulates (that are introduced in the particular context in which
the theory is used).

Of course, the definition of &np-theory is vague. But, in each context of use,
what aCmp-theory amounts to is clear. Moreover, note also that if a meaning postulate
introduces restrictions in the acceptable statements of the theory, the hypotheses and
axioms used in deductions must satisfy such restrictions as well. For instance, if a
meaning postulate of a theoilyis formulated as Heisenberg’s uncertainty principle,
this will impose obvious restrictions to certain statements.of

Theorem 7.3.3 There exisC-theories andrm-theories that are inconsistent, although
they areP-non-trivial.

Proof: Immediate consequence of Theorem 5.1.2.

Finally, we state a result (Theorem 7.3.4), whose proof is an immediate conse-
guence of the definition d?-consequence. However, before stating the theorem, let us
introduce a definition:

Definition 7.3.6 (Complementary Propositions)Let T be aCng-theory (in particu-
lar, a C-theory), and letr and be formulas of the language ®f We say thatr and
B are T-complementaryor simply complementaryif there exists a formula of the
language ofT such that:
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1.Trea and TI—p,B
2.T,arpy andT,Bp —y (in particular,a +p y andg rp —vy).

Theorem 7.3.4 If « andp are complementary theorems ofa-theoryT, anda +p y
andg rp —y, then in general A =y is not a theorem of .

Proof: Immediate, as a consequence of Theorem 511.2.

In other words;T is inconsistent from the point of view of classical logic, but it is
P-non-trivial.

It should be emphasized, once again, that our way of characterizing complementar-
ity does not mean that complementary propositions are always contradictapyaifior
B above are not necessarily the negation of each other. However, since they are comple-
mentary propositions, we can derive from them (in classical logic) a contradiction. For
example, kX is a particle’ is not the direct negation of s a wave’, but X is a particle’
entailsthat ‘x is not a wave’. This reading of complementarity as not indicating strict
contradiction is in accordance with Bohr’s view. As he notes [96p:

When we consider the well-known paradoxes that are encountered in the
application of quantum theory to atomic structure, it is essential to remem-
ber, in this connection, that the properties of atoms are always obtained by
observing their reactions under collisions or under the influence of radi-
ation, and that the. (.) limitation on the possibilities of measurement is
directly related to the apparent contradictions that have been revealed in
the discussion of the nature of light and of material particles. To empha-
size that weare not concerned here with real contradictiorike author
[Bohr himself] introduced in an earlier article the term ‘complementarity’.
[The italics is ours.]

Let us give a simple example of a situation involvin@ag-theory. Suppose that
our theoryT is a fragment of quantum mechanics admitting Heisenberg’s relations as a
meaning postulate, and having as its underlying logic paraclassic logicantlg are
two incompatible propositions according to Heisenberg’s principle, we can interpret
this principle as implying that entails—3 (or thatg entails-«a). So, even if we add
a andB to T, we will be unable to derive, i, A 8. Analogously, Pauli’s exclusion
principle has a similar interpretation to Heisenberg's.

As we have already noted, the basic featur&Cgf-theories is that, to make-
inferences, we suppose that some sets of statements we handle are consistent. In other
words,Cmp-theories are closer to those theories sciendistsallyuse in their everyday
activity than those theories with the classical concept of deduction. That is, paraclassic
logic — and paraconsistent logics in general — seem to fit more accurately the way
scientists reason when they state and articulate their theories.

7.3.3 Generalization: the paralogic associated with a given logic

The technique used above to define the paraclassic logic associated with classical logic
can be generalized to other logi€s (This includes logics that have no negation sym-
bol; but we will not discuss this case here.) The same point also applies to the concept
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of aCmytheory. More precisely, leL be a logic. It can be seen as a péi= (7, ),
where¥ is a set of formulas of, andrC P(F) x ¥ is the deduction relation of (sat-
isfying certain postulates depending on the particular IdQicWe define theé® ,-logic
associated witk (the ‘paralogic’ associated witlf) as follows:

Let £ be a logic, which may be classical logic, intuitionistic logic, some para-
consistent logic or, in principle, any other logic. For simplicity, we suppose that the
language off has a symbol for negatior, Then:

Definition 7.3.7 A theorybased onL (an L-theory is a set of formula§’ of the lan-
guage of/ closed under , (the symbol of deduction ifi). In other wordsg € T, for
every formulax such that" +, a.

Definition 7.3.8 An L-theoryI" is L-inconsistenif there exists a formula of the
language off such thafl” +, a andI’ - —a, where-« is the negation aok. Otherwise,
I is L-consistent

Definition 7.3.9 An L-theoryT is L-trivial if ' +, «, for every formulax of the lan-
guage of£. Otherwise[ is L£-non-trivial.

We can now define thB -logic associated witk, whose language and syntactic
concepts are those of. The only exception is the concept of deduction, which is
introduced as follows: We say thais aP ,-syntactic consequencé a set of formulas
I, and writel" p, «, if and only if:

(QDaeT,or
(2) a is a provable formula of. (that is,r» @), or

(3) there exista C I" such thatA is £-non-trivial, andA +, a.

As an example, we can consider the paraconsistent calCylsour logicL. Then
the paralogic associated wih is a kind of ‘para-paraconsistent’ logic.

As a final remark, note that, sometimes, given a paraclassic tieaych that
T +p a andT +p —a, there exisappropriatepropositions3 andy such thafl can be
replaced by a classical consistent thedfyn whichg — « andy — -« are theorems.
If this happens, the logical fliculty can be, in principle, solved, and classical logic can
be maintained.

7.4 Morality and Law

In its standard form, deontic logic can be taken as a kind of classical modal logic
with the introduction of deontic operator® for obligatory, P for permitted,V for
prohibited, and~ for indifferent. One of the interesting problems about deontic logic

is that standard systems do not enable the existence of ‘true’ moral dilemmas. The latter
are expressed by formulas of the fo@a A O-q, stating that botly and its negation are
obligatory. This is due to the fact that, in standard deontic syst®ms, O-a — O

is a theorem. Hence, a moral dilemma trivializes the whole system, in the sense that all
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formulas become obligatory. Other problems about standard deontic logics are created
by Ross’ paradox and the Good Samaritan paradox] &ks).

A standard solution to the problem about the non-existence of moral dilemmas is
simply to maintain that such dilemmas really cannot exist. However, for some philoso-
phers, they are genuine possibilities ($8@ for references). To accommodate this
view, it is crucial to make room for moral dilemmas, but obviously without deontic
triviality. Paraconsistent logics are excellent candidates for doing this.

The obligatory operator — as well as the other mentioned above — have various
interpretations, the most common are in termsnafral obligations (and moral pro-
hibitions etc.) andegal obligations (legal prohibitions etc.). If we wri® and Oy,
for the legal and the moral obligations, respectively (the same notation applies to the
other operators), it is important to study the principlde — Pnha andOna — Pia,
which seem to be quite ‘natural’. To study these (and related) principles, some deontic
paraconsistent logics have been introduced [32€§).

7.5 Philosophical significance of paraconsistent logic

After discussing the formal details of several paraconsistent systems, we can now ex-
amine some philosophical issues raised by the various constructions above as well as
by paraconsistency more generally. Several issues need to be addressed. In particular,
the issues of whether there is a true paraconsistent logic, and how to choose between
such logics should be examined. In our view, the choice between such logics is ulti-
mately a pragmatic and context-dependent matter, largely dependent on the details of
the applications at hand. We will develop these points below.

The constructions we have just presented make clear that, at least at the level of
mathematics, there are inconsistent but non-trivial theories. In other words, there are
theoriesT in which both a formular and its negatioma are theorems of , and some
formulag of T is not a theorem. In our view, this fact provides an important support
for paraconsistency, since it shows that the attempt at accommodating inconsistencies
by devising appropriate inconsistent but non-trivial theories is by no means empty or
unrealizable. On the contrary, it provides a distinctive perspective on the issues under
consideration. Instead of retaining classical logic, and avoiding the inconsistency by
rejecting one or another of the premises which generate it — making more adlbss
moves — we retain the inconsistency, change the underlying logic to a paraconsistent
one, and study the properties of the ‘inconsistent object’ so ‘generated’. The important
feature, as the paraconsistent set theory discussed above shows, is that these ‘incon-
sistent objects’ have certain determined properties and lack others: it is siotghe
case that everything goes with regard to them. So, as opposed to what happens in the
case of classical logic, there is a whole new domain of investigation determined by the
formulation of paraconsistent logic: the domain of the inconsistent.

Now, the issue arises as to the status of the resulting inconsistent set theory: is
it true? Well, can we say that there are true contradictions? The answer depends
on several considerations. (1) What is the notion of truth used in this context? (2)
What kinds of objects are we considering (only mathematical objects or do we include
physical objects as well)? (3) What notion of existence is assumed? And how are
ontological commitments to be spelled out? Of course, the examination of these issues
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involves particular philosophical moves, and we cannot do more here than consider
them in fairly general terms. But we hope to say enough to make clear the approach
we favor.

According to some authors, the answer to the questi@nthere true contradic-
tions? is affirmative (sed212). The examples given by Priest are the logical and
semantic paradoxes, statements about moving objects (objects subject to change), and
certain views in the foundations of mathematics. In order to articulate an ‘ontic’ or
‘realist’ view about true contradictions, Priest advocates (i) a strong notion of truth —
truth simpliciter understood in the correspondence sense — (ii) a classical view about
existence (as the range of bound variables), and (iii) an extended claim as to the do-
main of his theory — which incorporates both mathematical and physical objects. (Of
course, in order to avoid triviality, Priest adopts a paraconsistent logic: see his sys-
tem LP discussed if217.) So, Priest's approach countenances classical views about
truth and existence, and applies them to a wide-ranging domain. In our view, Priest’s
commitment to several doctrines is by no means fortuitous: in order to be adequately
accommodated, inconsistencies require a whole package of logical and philosophical
doctrines — indeed, a whole research program is involved. Of course, there are stronger
and weaker programs; some are closer to classical proposals, some farther away.

It seems to us that, in retaining classical notions of truth and existence, Priest's
proposal ends up committed to strong metaphysical views. Given the use of truth
in the correspondence sense, and the claim that our assertions about the world (be it
the ‘empirical’ or the ‘mathematical’ world) are to be true, Priest’s vieup#o facto
committed to all objects that are posited by these claims. In particular, his proposal
seems to be committed to ‘inconsistent objects’ in the physical world: the objects to
which our inconsistent but true physical theories refer. But how can their existence be
established?

The argument to thisfiect assumes, of course, the classical account of ontological
commitment: we are ontologically committed to whatever our bound variables range
over. And in the case of inconsistent theories, this criterion leads us to postulate objects
that both have and lack a given property (for instance, the liar sentence is both true and
false, Russell set is both a member of itself and it isn’'t etc.). And the same goes for
theories about the physical world.

In our view, this argument is not so conclusive. First, this criterion of ontological
commitment is not independent of particular philosophical assumptions. It comes as
part of a philosophical program — indeed, Quine’s view — and it has built into it, as it
were, a given logic:classicalfirst-order logic. It goes without saying that, as such,
it is at odds with Priest’s own dialetheic approach, in which a paraconsistent logic is
advocated. Moreover, Quine’s criterionrist independent of logic: if we change the
underlying logic of a given theory, we may change the entities we are quantifying over
as well. This can be seen in several ways. For example, consider that we move to
second-order logic. We are then allowed to quantify over properties and relations. As
the result of second-order logic’s strong expressive power, several mathematical theo-
ries can be better formulated in this setting (in particular, as is well known, arithmetic
and analysis are categorical in a second-order context). Because of this, several nom-
inalist proposals (such as those developefil2d and[145) have adopted second-
order logic as part of their nominalization strategies of science and mathematics. The
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idea is that, by increasing the strength of the logic, we can decrease our ontological
commitments. Secondly, using paraconsistent logic, we are allowed to quantify over
certain constructions (such as Russell set) that are impossible in classical logic, given
the latter’s identification of inconsistency and triviality.

Our point here is that Quine’s slogan — to be is to be the value of a variable — can
only have any force once a particular logic is admitted. Quine knows that, of course.
The problem is that his view assumes a logic (classical fist-order logic) that is not the
most adequate to deal with inconsistencies in a heuristically fruitful way.

We suggest a dlierent way of addressing the inconsistency issue. We may well
explore the rich representational devices allowed by the use of paraconsistency in in-
consistent domains, but withholding any claim to tifieet that there are ‘inconsistent
objects’ in reality. Whether the world is indeed ‘inconsistent’ —assuming there is a sen-
sible formulation of this claim — is something we would rathemaeosticabout. Just
as empiricists (such as van FraasE2s6]) are agnostic about the existence of unob-
servable entities in science, we are agnostic about the existence of true contradictions
in nature. And one of the reasons in support of this claim isiegkerdetermination
argument. Given the hierarchy of paraconsistebgics discussed above, there are
always infinitely many paraconsistent logics that can be used to accommodate a given
‘phenomenon’ — whether it is an ‘inconsistent’ reasoning or an ‘inconsistent’ theory
(see[113). Which of these paraconsistent logics refleéhtslogic of the world? There
is no argument based on purely observational terms that could settle the issue. We can
select, of course, one of these logicspragmaticgrounds, but these grounds are cer-
tainly not enough to establish a substantive claim about the world. For instance, if one
of these logics makes the modeling of the inconsistency in question easier, why should
this be taken as a reason for this logic tothee? Simplicity may well be a sensible
criterion to adopt on pragmatic grounds, but the claim that a logic selected on this ba-
sis is (likely to be) true, is to confuse pragmatic and epistemic considerations. Why
should the world conform to our cognitive limitations? Of course, it might well do.
But to establish this claim demands an argument that goes beyond what we observe:
it requires a metaphysical commitment to the simplicity of reality. And, to a certain
extent, this is as ‘strong’ as the claim that there are true contradictions. After all, both
make substantial assertions about the world that transcend empirical observation. Both
are metaphysical claims.

In our view, an alternative program of interpretation of inconsistencies can be de-
vised in which no commitment to this kind of metaphysics is required. The idea is
first to avoid the claim that inconsistent theories e, they arepartially true (or
quasi-trug at best. As discussed above, the notion of partial truth receives a formal
treatment. But for our needs, it ffices to recall that a sentenaeis partially true
if it models adequately only part of a given domdi leaving open the ‘complete’
description of the latter. (Of course, in a precise seads,consistent with a true de-
scription of D.) In claiming that with regard to inconsistent theories all we need is to
determine their partial truth, we are in position to provide a ‘formal underpinning’ to
our agnosticism with regard to true contradictions. We are suggesting a change in the
notion of truth to the weaker notion of partial truth, withholding then the commitment
to ‘inconsistent objects’. After all, severali{normal) structures describe the domain
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under consideration, and inconsistent objects are not countenanced in all of’them.
Moreover, we also suggest a revision of Quine’s slogan about ontological commitment,
making explicit its dependence on the underlying logic. In this way, it becomes clear
that this slogan isiot the only criterion to adjudicate between alternative logics.

However, if we end up not being committed to an ontology of actual inconsis-
tent physical objects, are we committed to inconsisteathematicakentities? This
depends, of course, on how we interpret the relevant mathematical theory. Does it
provide atrue description of the inconsistent mathematical ‘world’? Again, if all we
claim is to have described this ‘world’ in at best partially true terms, we will not be
committed to those entities. There is, of course, a whole story to be told here, but for
the present purposes, itfiges to note that it is possible to provide an entirely syntac-
tic formulation of paraconsistent set theory, in which various inconsistent theories can
be embedded, such that the only commitment is to a countable language. Thus, in a
certain sense, we do not require a special commitment to mathematical objects either.

So, the ‘package’ we suggest to accommodate inconsistencies is characterized by
(1) the claim that inconsistent theories gqartially true at best; (2) an agnosticism
with regard to the existence of true contradictions and a nominalism about inconsis-
tent mathematical entities; and (3) a re-evaluation of Quine’s view about ontological
commitment, emphasizing its dependence on the underlying logic.

In our view, the striking feature of this ‘package’ is its logical pluralism, on the
one hand, and the fact that it allows us to make sense of the several uses and appli-
cations of paraconsistent logic with no commitment to actual ‘inconsistent objects’.
The logical pluralism derives from claim (3) above. Depending on the domain we are
considering, dferent kinds of logic may be appropriate. For instance, if we want to
model constructive features in mathematical reasoning, an intuitionistic logic is the
best alternative; if we are concerned with inconsistent bits of information, the use of a
paraconsistent logic is the natural option. In particular, we do not reject classical logic:
it has its own domains and applications. To this extent, while dealing with distinct
domains, paraconsistent logic and classical logic are complementary rather than rivals.
(They become rivals only when applied to ttemedomain. The rivalry derives from
the fact that they provide fierent accounts of the logical connectives.)

But in applying paraconsistent logic, as we have done when formulating the theory
of the Russell set and other inconsistent objects, we do not have to be committed to the
existence of ‘inconsistent entities’ —this is the point of our claims (1) and (2) above. We
can always use the resources provided by this logic only to help us draw consequences
from inconsistent theories without triviality, but with no commitment tottiu¢h of the
theory in question; it can be at best partially true.

In this way, a non-committal (agnostic) interpretation of paraconsistency can be
presented, making sense of the application of paraconsistent logic articulated here.
‘Inconsistent objects’, either mathematical or physical, can be accommodated without
requiring an ontology which includes them. In particular, inconsistent mathematical

3Descartes once remarked (in sinciples iv, 204) that, ‘with regard to those things that our senses
cannot perceive, it sfices to explicate how they can be’. We would say the same with regard to inconsistent
theories. The notion of partial truth allows us to accommodate formally this point, since partial truth is
strictly weaker than truth, and does not commit us to anyth@gndhe assertion that certain structures are
possible given some paraconsistent logic.
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theories can be studied in the context of paraconsistent logic, but it is not necessary to
countenance the existence of the entities the theories are taken to be about.

8 Concluding remarks

We noted above that it is nearly impossible for anyone to follow all the literature on
paraconsistent logics. We have left untouched numerous important topics here. Nowa-
days, ‘paraconsistency’ became a field of knowledge so wide that only events such as
World Congresses on Paraconsistency can begin to do justice to it.

As a curiosity, a search for ‘paraconsistent logic’ on Googlei(google.com)
on October 13, 2005 yielded 61,600 entries! We should stop now.
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